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X 

c5 ■ ABSTRACT 

The four-dimensional = 1 supergravity theories arising in compactifications of type IIA 
and type JIB on generalized orientifold backgrounds with background fluxes are discussed. 
The Kahler potentials are derived for reductions on SU{'i) structure orientifolds and 
shown to consist of the logarithm of the two Hitchin functionals. These are functions 
of even and odd forms parameterizing the geometry of the internal manifold, the B-field 
and the dilaton. The superpotentials induced by background fluxes and the non-Calabi- 
Yau geometry are determined by a reduction of the type IIA and type IIB fermionic 
actions on SU{'i) and generalized SU{?)) x SU{?)) manifolds. Mirror spaces of Calabi- 
Yau orientifolds with electric and part of the magnetic NS-NS fluxes are conjectured to 
be certain SU{?)) x SU{?)) structure manifolds. Evidence for this identification is provided 
by comparing the generalized type IIA and type IIB superpotentials. 



1 Introduction 



The construction of semi-realistic type II string vacua for particle physics and cosmology 
attracted many efforts within the last years Of particular interest are scenarios 

with space-time filling D-branes, which can provide for non-Abelian gauge groups on 
their world-volume. However, demanding the internal manifold to be compact, consistent 
setups also need to include orientifold planes carrying a negative tension. They arise in 
string theories modded out by a geometric symmetry of the background in addition to 
the world-sheet parity operation [SlIllEl- 

From a phenomenological point of view orientifold compactifications resulting in a 
four-dimensional = 1 supergravity theory are of importance. Prominent examples 
are type II theories on Calabi-Yau orientifolds, since reductions on Calabi-Yau manifolds 
yield a four- dimensional N = 2 supergravity while the orientifold projection breaks the 
supersymmetry further down toA^ = 1 [HllZIElini UHl HI] • In general these theories admit 
a large number of moduli fields which are flat directions of the potential and not fixed in 
the vacuum. A possible mechanism to generate a non-trivial potential for these fields is 
the inclusion of background fluxes arising as vacuum expectation values of field strengths 
in the supergravity theory ^1]. This potential generically possesses supersymmetric 
vacua in which a part or all moduh are fixed [Il[71[inilIllinilinilIZIIIHllinil2n]- In 
order to study the properties of these vacua it is necessary to know the characteristic data 
of the corresponding four-dimensional A^ = 1 supergravity theory. Using a Kaluza-Klein 
reduction the four-dimensional A^ = 1 theories of type II Calabi-Yau orientifolds were 
determined in refs. [3 1221 123 1211 123 and reviewed, for example, in refs. [23 CIl 123 12H1 • 

In this paper we determine the A^ = 1 data for a more general class of compactifi- 
cations arising if the internal manifold A4q is no longer restricted to be Calabi-Yau. In 
order that the resulting four-dimensional theory still admits some supersymmetry Ai^ 
cannot be chosen arbitrarily, but rather has to admit at least one globally defined spinor. 
In case that has exactly one globally defined spinor the structure group of the man- 
ifold reduces to SU{3) [231201 Ell- Equivalently, these manifolds are characterized by 
the existence of two globally defined forms, a real two-form J and a complex three-form 
Q. These forms are in general not closed, which indicates a deviation from the Calabi- 
Yau case. This difference can also be encoded by specifying a new connection on JHq 
with torsion which replaces the ordinary Levi-Cevita connection. The torsion can be 
interpreted as a background flux of the metric connection. Compactifications on SU (3) 
structure manifolds were considered in the early works 01] and more recently 

extended in refs. [23^123] ■ I^ specific settings these 'metric fluxes' arise as mirrors of 
Calabi-Yau compactifications with electric NS-NS fluxes [23 112] • 

Compactifying type II string theory on an SU (3) structure manifold leads to an ef- 
fective four-dimensional N = 2 supergravity theory with a potential depending on the 
torsion of A^e- As we will discuss in more detail below, one can still impose an appro- 
priate orientifold projection which truncates this theory to an A^ = 1 supergravity. For 
specific set-ups this was also argued in the recent works [23 HH [ZSl HH] • Supersymmetric 
orientifold projections yield setups with 06 planes in type IIA while for type IIB re- 
ductions two setups with 03 and 07 as well as 05 or 09 planes are encountered. Our 
analysis focuses on the effective A^ = 1 four-dimensional supergravity theory for the bulk 
fields of these configurations, while freezing all moduli arising from the D-brane sector. 
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In contrast to the standard Calabi-Yau compactifications the reduction on SU{3) 
structure manifolds is more subtle. This can be traced back to the fact that in these 
generalized compactifications the distinction between massless or light modes and the 
massive Kaluza-Klein modes is not anymore straightforward. Recall that in Calabi-Yau 
compactifications the massless modes are in one-to-one correspondence with the harmonic 
forms of TWe- Background fluxes generate a potential for these modes and can lift them 
to an intermediate mass scale. In reductions on SU{3) structure manifolds a potential 
is induced by the non-trivial torsion of A^e- However, the masses acquired by the four- 
dimensional fields need not be generated at an intermediate scale. The specification of a 
distinguished finite set of modes corresponding to the light degrees of freedom is missing 
so far. It is therefore desirable to avoid a truncation to light modes by working with 
general forms on the ten-dimensional background M3 i x A4q. Most of our calculations 
will be performed within this general approach. We will argue that it remains possible to 
determine the four- dimensional = 1 spectrum by imposing the orientifold projection. 
Only in a second step we specify a reduction to a finite set of modes in order to illustrate 
our results and to discuss mirror symmetry to Calabi-Yau orientifolds with background 
fluxes. 

In this paper we will focus mainly on the chiral field space of the four-dimensional 
theory. We will determine the local metric on this space and show that it can be derived 
from a Kahler potential as demanded by = 1 supersymmetry. Since the orientifold 
projection induces a consistent reduction of a four-dimensional N = 2 supergravity theory 
to = 1 this Kahler manifold is a subspace of the full N = 2 scalar field space [77| I78j. 
Locally it takes the form Ai^ x Ai^ where and Ai^ are the subspaces of the N = 2 
special Kahler and quaternionic manifolds respectively. At^ has half the dimension of 
the quaternionic space. The Kahler potentials for both manifolds are shown to be the 
logarithms of the Hitchin functionals [T^ISUIIHT] for specific even and odd forms on Ate- 

In compactifications on SU (3) structure manifolds a scalar potential is induced by the 
torsion as well as possible background fluxes. Due to the N = 1 supersymmetry it can be 
encoded by a holomorphic superpotential and D-terms arising due to non-trivial gaugings. 
In this work we derive the superpotentials for both type IIA and type IIB orientifold 
setups by evaluating appropriate fermionic mass terms. This extends and confirms the 
results already present in the literature [THl UHl EH IHH 1211 HI] • The knowledge of the 
superpotential together with the Kahler potential is necessary to determine the conditions 
on four- dimensional supersymmetric vacua. It is readily checked that these conditions 
evaluated for the orientifold set-ups are in accord with the A^ = 1 conditions on ten- 
dimensional backgrounds derived in ref . jUHl lUH] . 

Recently, it was argued that more general four- dimensional supergravity theories can 
arise in compactifications of type II string theory on generalized manifolds with SU (3) x 
SU{3) structure HZl EHl EHl EHl IM] • The notion of a generalized (complex) manifold 
was first introduced by Hitchin (HU] and Gualtieri [SI]. An intensive discussion of SU (3) x 
SU{3) structures and their application in A^ = 2 compactifications can be found in 
the work of Witt jHS] and Grana, Waldram and Louis jBl]. We will make some first 
steps in exploring A^ = 1 orientifold compactifications on manifolds with SU (3) x SU (3) 
structure by extending the orientifold projection to these spaces and deriving the induced 
superpotential due to the non- Calabi-Yau nature of the internal space. Our aim is to use 
these extended superpotentials to discuss possible mirror geometries of type II Calabi-Yau 
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compactifications with fluxes. 

The completion of mirror symmetry in the presence of NS-NS background fluxes is an 
area of intense current research [HBl ESI IHSl IH21 IHni EH EH EZl ES] • For compactifications 
with electric NS-NS fluxes it was argued in refs. jSHl E3] that the mirror geometry is 
a set of specific SU{3) structure manifolds known as half-flat manifolds. To extend 
this conjecture to the magnetic NS-NS fluxes various more drastic deviations from the 
standard compactifications are expected jH2l E3 EH Ell • ^i^^ ^^e our results on the 
orientifold superpotentials to conjecture a possible mirror geometry of compactifications 
with part of the electric and magnetic background fluxes. These mirrors are extensions 
of generalized manifolds with SU{3) x SU{3) structure.^ Note however, that in order to 
accommodate the mirror of the magnetic NS-NS fluxes the mirror metric on the internal 
space might no longer be well-defined. In our analysis it will be sufficient to characterize 
these generalized spaces by the existence of special even and odd forms not making use 
of an associated metric. 

This paper is organized as follows. At the end of this introduction we give a short sum- 
mary of our results. In section |21 we briefly review some mathematical facts about SU{3) 
structure manifolds and comment on the compactifications of the type II supergravity 
on these spaces. We immediately turn to the definition of the orientifold projections of 
the type IIA/B theories in section ITTl This allows us to determine the = 1 spectrum 
of the four- dimensional supergravity theories arising in the orientifold compactifications 
in section 13.21 The Kahler potentials and their relation to the Hitchin functionals are 
discussed in section 13.31 In section 13.41 we derive the superpotentials of type IIA and 
type IIB orientifolds induced by the background fluxes and the torsion of Ai^. In order 
to fully identify these superpotentials under mirror symmetry the compactifications need 
to be performed on a more general class of spaces A^y. In section HI we use our results 
on the Kahler and superpotentials to conjecture a possible identification of part of the 
magnetic NS-NS fluxes with properties of the mirror space Aiy- 

Summary of results 

For the convenience of the reader we will here briefly summarize our results. In type IIA 
orientifolds with 06 planes, the globally defined three-form Q is combined into a normal- 
ized three-form n°'^*^ = CQ, where C is proportional to the dilaton e"''^. The real part of 
this form is complexified with the R-R three-form with indices entirely on A^g iiito 
the combination 11°*^'^ = C3 + ilie(ll°'^'^) . The globally defined two-form J is complexified 
with the NS-NS field B2 as Jc = —B2 + iJ. The chiral fields of the four- dimensional 
theory arise by expanding the complex forms Jc and 11°'^'^ into an appropriate, not nec- 
essarily finite, set of real two- and three-forms of A^g- The complex scalar coefficients 
in this expansion are the bosonic fields in the chiral multiplets. The Kahler potential on 
the chiral field space is given by 

K[Jc,nf'^] = -\n[-i f (n^",II^")] -21n /" (n°'^<^, 11°'^'^)] , (1.1) 

J Me J Me 

where 11'^^ = e"^". The anti-symmetric pairing {■,■) is defined in (l3.2Up and replaces 
the wedge product. The Kahler potential can be identified as the logarithm of the 

similar conjecture was mentioned in ref. |(j4| and we are grateful to Jan Louis for discussions on 
that point. 
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Hitchin functionals for two- and three-forms on A^g (7^]. The superpotential for the 
chiral multiplets is given by ^ 

W[J^,nf'^]= [ (F^" + c/Hn°^^ ff") (1.2) 

where F'^^ is the background flux of the even R-R field strengths. The NS-NS background 
flux H3 of the NS-NS field strength dB2 arises through the exterior derivative dn = 
d — H3A. The superpotential is readily shown to be holomorphic in the complex = 1 
chiral multiplets. In the expression ()1.2j) both dU"'^'^ and dU'^'' are linear in the complex 
coordinates and indicate a deviation from the Calabi-Yau compactifications where J and 
fl are closed. 

In type IIB orientifold compactifications the role of even and odd forms is inter- 
changed. One combines the globally defined two-form J together with the B-fields B2 
and the dilaton into the complex even form •l'*'^ = e-'^e--^2+iJ_ orientifolds with 03/07 
planes the real part of this form is complexified with the sum of even R-R potentials while 
it contains the imaginary part of ^''^ for 05/09 orientifolds: 

03/07 : $r = A O"" + zRe($"") , (1.3) 

05/09 : $f = A O"" + zlm($"") , (1.4) 

where e~^^ A C"^^ contains only forms with all indices on the internal manifold. The 
complex forms are expanded into real even forms on the manifold A4q with complex 
scalar coefficients in four space-time dimensions. These complex fields are the bosonic 
components of a set of chiral multiplets. The expansion is chosen in accord with the 
orientifold projection which differs for 03/07 and 05/09 orientifolds. Additional chiral 
multiplets are complex scalars z parameterizing independent degrees of freedom of the 
globally defined three-form = Q. The Kahler potential for all chiral multiplets is 
given by 

Klz,^"/] =-ln[- I f -21n /" . (1.5) 

J Ma J Me 

Non-trivial NS-NS and R-R background fluxes H3 and F3 as well as the torsion of A^e 
induce a superpotential for the chiral fields. It differs for the two type IIB setups and 
reads ^ 

J Ma J Ma 

where dn = d — H^A. In addition several D-terms arise due to fluxes and torsion, which 
are more carefully discussed in a separate publication 86^ . In both type IIA and type IIB 
dual linear multiplets can become massive. The scalar function encoding their kinetic 
terms are the Legendre transforms of the Kahler potentials given above. 

Note that in the large volume and large complex structure limit the type II Kahler 
potentials are formally mirror symmetric under the exchange 11''^/°'^'^ <|)°<id/ev rjj^^ 
complex forms 11°'^'^ and ^'^J are linear in the complex fields and identified under the 

^See also refs. [El [El EH El EH CD- 
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mirror map. The type IIA and type IIB superpotentials cannot be identified under 
mirror symmetry. This is due to the fact that the dual of half of the NS-NS fiux has 
no mirror parter. Choosing a symplectic basis of harmonic three-forms on M.q electric 
and magnetic NS-NS fiuxes can be distinguished. We propose that the mirror for part of 
the electric and mag netic NS-NS fiuxes arises if one compactifies on a more general 
class of spaces. In this conjecture one can allow for all but one magnetic and electric fiux 
direction.^ The dual spaces are extensions of almost generalized complex manifolds with 
a more generic globally defined odd form. More precisely, in addition to the three-form 
VL the globally defined odd forms n°*^'^ and locally contain a one- and five-form VLi 
and VL^ as ^ 

nodd _ ^ (^^^ + CVL^ CQ5) , = e"^^ A{Qi + Q + Q5) ■ (1.7) 

For the general odd forms n°'^'^ and the Kahler potentials (ll.lj) and ()1.5|) are replaced 
by the extended Hitchin functionals introduced in refs. jHUl IM]- Furthermore, using a 
fermionic reduction the superpotentials (jl.2j) and are shown to naturally generalize 
to the odd forms n°'^'^ and <l>°'^'^. Also the complex form 11°*^'^ including the R-R fields is 
generalized to 

j^odd _ /\ (jodd ^ ^Re(n°'^'^) , (1.8) 

where e~^^ A C°'^'^ contains only forms with all indices on the internal manifold. 

In a finite reduction the magnetic fiuxes arise as the mirror of the torsion dQi such 
that 

dRe(ni + n + n5) ^ , (1.9) 

where the electric NS-NS fiuxes are identified as the mirrors of dQ as proposed in ref. j36j . 
Hence, 'generalized half-fiat' manifolds obeying dlm{Qi + Q + Q^) = and generically 
non-zero (iRe(f2i + ^2 + ^5) are candidate mirrors of NS-NS fiux compactifications. We 
provide evidence for the identification p.9p by comparing the holomorphic superpoten- 
tials including the corrections due to dQi. For these generalized spaces the role of the 
tangent bundle TA4e is taken by the generalized tangent bundle E locally given by 
TAiQQ)T*M.Q [HI]. Supersymmetry implies that E has a structure group SU{3) x SU{3) 
IM] . These generalized geometries might not necessarily descend to standard Rie- 
mannian manifolds with metric on TM.Q. It is expected that they are more closely 
resemble the non-geometric compactifications introduced in refs. jSS]- The relation to 
the non-commutative background suggested in refs. jH2] has to be clarified. 

2 Manifolds with SU{?>) structure 

It is a well-known fact that type II supergravity compactified on a Calabi-Yau sixfold 
leads to an = 2 supergravity theory in four space-time dimensions. In the absence of 
fiuxes the effective four-dimensional theory contains no potential for the scalar fields and 

■^Interpreting mirror symmetry as three T-dualities ^87^ , the forbidden magnetic flux is the one having 
only indices in the T-dualized directions. Setting this flux quantum to zero, the dual space was termed 
the Q -space in ref. j74| . Hence, the index Q on ^^3^- 

''From a mathematical point of view, the forms Yl°'^'^ and are expected to undergo type changes 
when moving along the internal manifold |84j . 
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all vacua are Minkowski preserving the full supersymmetry. This changes as soon as we 
include background fluxes and localized sources such as D-branes and orientifold planes. 
In these situations it is a non-trivial task to perform consistent compactiflcations such 
that the four- dimensional effective theory remains supersymmetric. In particular, this 
is due to the fact, that the inclusion of sources forces the geometry to back- react. For 
example in orientifolds with D3 branes and fluxes the spacetime has to be non-trivially 
warped over an internal conformally Calabi-Yau manifold [7j. In other situations the 
internal manifold is no longer directly related to a Calabi-Yau manifold and a more 
general class of compactiflcation manifolds has to be taken into account fTTj. 

In this section we discuss such a more general set of six-manifolds which yield upon 
compactiflcation an iV = 2 supergravity theory in four space-time dimensions (see, for 
example, jSHlEZlIM])- To start with we specify the Kaluza-Klein Ansatz for the metric 
background. Topologically our ten-dimensional space-time is taken to be a product M3 i x 
A4q, where M31 is a four- dimensional non-compact space and A4q is a compact six- 
dimensional manifold. The background metric is block- diagonal and reads 

ds' = e^'^'^y^g,,{x)dx^dx'' + g^nWy'^dy^ , (2.1) 

where x^, fi = 0, . . . , 3 are the coordinates on Ms^i while y"^, m = 1, . . . , 6 are the co- 
ordinates of A^6- Here g^^i, is the metric on M^^i and gmn is the metric on the internal 
manifold A^g. Note that the metric (j2.1|) generically includes a non-trivial warp factor 
A(?/). However, in the following we restrict our analysis to a large volume regime where 
A is approximately constant.^ 

The amount of supersymmetry preserved by A^e can be obtained by counting super- 
charges. Type II theories admit 32 supercharges in D = 10 which can be represented by 
two (Majorana-Weyl) spinors e[^2''- typs HA the two spinors have opposite chirality, 
while in type IIB they are of the same chirality. Demanding N = 2 supersymmetry in 
four space-time dimensions the internal manifold has to admit one globally deflned spinor 
rj.^ We decompose the ten-dimensional spinors as 

HA: e!^°^ = ei ® r]+ + ei ® T]^ IIB: eS^°^ = ei ^ r]+ + ei ^ r]_ , 

4^°^ = €2 ® + €2 ® ?7+ €2^°^ = 62 (8) r/4. + e2 (8) r/_ , (2.2) 

where ei_2 and ei,2 are four- dimensional Weyl spinors which label the preserved N = 2 
supersymmetry. The spinors are chosen such that ei^2 have positive four- dimensional 
chiralities and €1^2 have negative chiralities. We indicate the six-dimensional chirality of 
the globally deflned spinor 77 by a subscript ±. These spinors are related by complex con- 
jugation {ri±)* = r/zp and normalized as 'r]l-ri± = ^. We summarize our spinor conventions 
in appendix 1X1 

The existence of one globally deflned spinor rj reduces the structure group of the 
internal manifold from 5*0(6) to SU{3) [23 EDI E]- If this spinor is also covariantly 
constant with respect to the Levi-Civita connection the manifold has SU{3) holonomy 
and hence satisfles the Calabi Yau conditions. For a general SU{3) structure manifold the 

'''It would be desirable to extend our analysis to a general A{y) along the lines of |88l I89| . 

^Note that in it was argued that N = 2 supersymmetry can be obtained by compactifying on a 
manifold with two globally defined spinors, which may coincide at points in Mq. We will come back to 
this generalization in sectional 
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spinor rj is not any more covariantly constant. The failure of the Levi-Civita connection 
to annihilate the spinor rj is measured by the contorsion tensor r. Using r one defines a 
new connection such that 

Dlv = {D^^' - Ir^np^'^'h = , (2.3) 

where 7'"'^ = ■^j^'^'j"''^ is the anti-symmetrized product of six-dimensional gamma matri- 
ces. The spinor rj is now covariantly constant with respect to the new connection Dj^, 
which additionally contains the information about the torsion r. 

Equivalently to the spinor language, SU{3) structure manifolds can be characterized 
by the existence of two no-where vanishing forms J and pr^. The form J is a real two- form 
while pr^ is a real three-form on Mq. We denote the space of real n-forms on A^g by 

A"T* = A"(T*A^6) , (2.4) 

such that J G A^T* and p,, G A^T*. The index rj indicates a specific normalization chosen 
as we define J and in terms of the spinor 77. Here we first give a characterization 
independent of 77 following the definition of Hitchin [7^] . In this case one demands that 
J and Pri are stable forms, i.e. are elements of open orbits under the action of general 
linear transformations GL{Q, M) at every point of the tangent bundle TA^g. These forms 
define a reduction of the structure group from GL(6, M) to SU{3) if they furthermore 
satisfy 

J A J A J = ^Pn A prj , JApri = 0, (2.5) 

where p^ = *p^ is shown to be a function of p.^ only as we review in appendix lEl 

The spinor and the form descriptions of the SU (3) structure are related by expressing 
the components of the two-form J and the complex three-form fi^ = p^ -|- ip^ in terms of 
the spinor rj as 

jmn ^ ^2ir]i-f'^''r]± , = 2r/l7""Pr7+ , fi^"*' = 2r]l-f"'''Pr]^ . (2.6) 

Later on we will relate to the three-form Q used in the compactification by an appro- 
priate rescaling. In the normalization (j2.6|) one can apply Fierz identities to derive the 
SU{3) structure constraints equivalent to ()2.5p . 

JAJAJ = f^]^A^^, JA^]^ = o. (2.7) 

Moreover, defining = JmpQ^" by raising one of the indices on J by the metric gmn one 
shows that 

T nj p rn T PT 1 a n (0 R\ 

^p -'m "m ' -'n ilpq ymn ■ K'^-^) 

This implies that is an almost complex structure with respect to which the metric 
Qmn is hermitian. The almost complex structure can be used to define a (p, q) grading of 
forms. Within this decomposition the form J is of type (1, 1) while VLrj is of type (3, 0). 

The condition ()2.3|) can be translated to the form language implying that neither J 
nor Vtrj are closed. The non-closedness is parameterized by the torsion r which decom- 
poses under SU (3) into irreducible representations. The representations are conveniently 
encoded by five torsion classes Wj defined as 1301 1?7]. 

dJ = -|lm(>Vin^) + W4 A J + W3 

dn^ = WiJA J + W2 A J + W5 Afi^ , (2.9) 
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with constraints J A J A W2 = J A W3 = A W3 = 0. The pattern of vanishing torsion 
classes defines the properties of the manifold Ai^. For example, Ai^ is complex in case 
Wi = W2 = 0. Of particular interest are half-fiat manifolds, since they are believed to 
arise as mirrors of fiux compactifications ^B]. These are defined by VV4 = VV5 = and 
ImWi = ImVV2 = 0. Equivalently, by using ()2.9p . half-fiat manifolds are defined by the 
two conditions 

dJAJ = 0, rflmfi^ = 0, (2.10) 

while dJ and dRefi^ are not necessarily vanishing. 

As discussed in the beginning of this section, the compactification on SU{3) structure 
manifolds leads to an = 2 supergravity theory. The supersymmetry is further reduced 
to = 1 by imposing an appropriate orientifold projection. The aim of the next section is 
to define this projection and to determine the characteristic data of the four- dimensional 
supergravity theory obtained by compactification on an SU (3) structure orientifold. 

3 Type II SU{3) structure orientifolds 

In this section we study compactifications of type IIA and type IIB supergravity on SU (3) 
structure orientifolds. As reviewed in the previous section compactifications on SU{3) 
structure manifolds lead to four- dimensional theories with N = 2 supersymmetry. The 
inclusion of D-branes and orientifold planes further reduced the amount of supersymme- 
try. In order that the four-dimensional effective theory possesses A^ = 1 supersymmetry 
the D-branes and orientifold planes can not be chosen arbitrarily but rather have to fulfill 
certain supersymmetry conditions (BPS conditions).^ In this paper our main focus will 
be the bulk theory. In section lTTl we specify the orientifold projections which yield super- 
symmetric orientifold planes preserving half of the N = 2 supersymmetry. We show in 
section IX^ that the orientifold invariant spectrum arranges into A^ = 1 supermultiplets. 
Performing a Kaluza-Klein reduction allows us to determine the Kahler potential of the 
four-dimensional theory in section 13.31 The discussion of the superpotential induced by 
the fiuxes and torsion will be presented in section 13.41 

3.1 The orientifold projection 

In this section we specify the orientifold projections under consideration. We start from 
type II string theory and compactify on a SU{3) structure manifold A4q. In addition we 
mod out by orientation reversal of the string world-sheet Qp together with an internal 
symmetry cr which acts solely on A/fg but leaves the D = 4 space-time untouched. We 
will restrict ourselves to involutive symmetries (a^ = 1) of A4q. In a next step we have 
to specify additional properties of cr in order that it provides a symmetry of the string 
theory under consideration. The type IIA and type IIB cases are discussed in turn. 

Type IIA orientifold projection 

The orientifold projection for type IIA SU{3) structure orientifolds can be obtained in 

^In addition, the configurations of D-branes, orientifold planes and fluxes have to obey consistency 
conditions such as the cancellation of tadpoles [T^ 1^ IHl [TtllTSl [75| . 
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close analogy to the Calabi-Yau case. Recall that for Calabi-Yau orientifolds the demand 
for N = 1 supersymmetry implies that a has to be an anti-holomorphic and isometric 
involution [HliniCSl- This fixes the action of a on the Kahler form J as a* J = — J, where 
CT* denotes the pull-back of the map a. Furthermore, supersymmetry implies that a acts 
non-trivially on the holomorphic three-form Q. This naturally generalizes to the SU (3) 
structure case, since we can still assign a definite action of a on the globally defined 
two- form J and three- form Q defined in (j2.6|) . Together the orientifold constraints read 

a* J = -J , a*Q = e^'^O , (3.1) 

where e^*^ is a phase and we included a factor 2 for later convenience. Note that the 
second condition in (j3.1|) can be directly inferred from the compatibility of cr with the 
SU (3) structure condition QaCI oc J A J A J given in ()2.7|) . In order that a is a symmetry 
of type IIA string theory it is demanded to be an isometry. Hence, the first condition in 
()3.1|) implies that a yields a minus sign when applied to the almost complex structure 
J™ = JnpQ^^ introduced in the previous section. This reduces to the anti-holomorphicity 
of a if /™ is integrable as in the Calabi-Yau case. The complete orientifold projection 
takes the form ^ 

O = {~lf^%a , (3.2) 

where VLp is the world-sheet parity and Fl is the space-time fermion number in the 
left-moving sector. 

The orientifold planes arise as the fix-points of cr. Just as in the Calabi-Yau case 
supersymmetric S'f/(3) structure orientifolds generically contain 06 planes. This is due 
to the fact, that the fixed point set of a in A^g are three-cycles Kqq supporting the 
internal part of the orientifold planes. These are calibrated with respect to the real form 
Re(e-^^1]) such that 

vol(Ao6) oc Re{e~''n) , Im(e-'^(])|Ao, = JUoe = (3.3) 

where vol(Ao6) is the induced volume form on Aog and the overall normalization of Vt was 
left undetermined. The conditions ()3.3|) also allow us to give a more explicit expression 
for the phase e*^ as 

= Z(Ao6)/^(Ao6) , (3.4) 

where Z{Ko&) is given by Z(Ao6) = ^- This expression determines the transforma- 
tion behavior of 9 under complex rescalings of Vt. Later on we include e~*^ to define a 
scale invariant three- form CVL. 

Type IIB orientifold projection 

Let us turn to type IIB SU (3) structure orientifolds. Recall that for type IIB Calabi-Yau 
orientifolds consistency requires a to be a holomorphic and isometric involution of 
jHl ■ A holomorphic isometry leaves both the metric and the complex structure of the 
Calabi-Yau manifold invariant, such that a*J= J. We generalize this condition to the 
SU (3) structure case by demanding that the globally defined two-form J defined in ()2.6p 
transforms as 

a*J=J. (3.5) 
^The factor (—1)^^ is included in O to ensure that = 1 on all states. 
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Once again we impose that a is an isometry of the manifold such that ()3.5p translates 
to the invariance of the almost complex structure Due to this fact the involution 
respects the (p, g)-decomposition of forms. Hence the (3, 0) form VL defined in (j2.6j) will 
be mapped to a (3, 0) form. Demanding the resulting form to be globally defined we have 
two possible choices 

(1) 03/07 : a*Vl = -fi , (2) 05/09 : a*n = +n , (3.6) 

where the dimensionality of the orientifold planes is determined by the dimension of the 
fix-point set of a 0. Correspondingly, depending on the transformation properties of Q 
two different symmetry operations are possible jHOl EH El CD! 

= {-if^np a , 0(2) =npa (3.7) 

where Qp is the world-sheet parity and is the space-time fermion number in the 
left-moving sector. The type IIB analog of the calibration condition (|3.3|) involves a 
contribution from the NS-NS two- form B2. It states that the even cycles of the orientifold 
planes in Ai^ are calibrated with respect to the real or imaginary parts of e~^2+«-/_ ^j-^g 
explicit form of this condition can be found, for example, in refs. jHSESlinSl- 

3.2 The orientifold spectrum 

Having specified the orientifold projections ()3.2|) and ()3.7p of the type HA and type 
IIB orientifolds we can examine the invariant spectrum. Recall that the bosonic NS-NS 
fields of both type HA and type IIB supergravity are the scalar dilaton 0, the ten- 
dimensional metric Gmn and the two-form i?2.^ Considering the theory on the product 
space Ms^i x A4q these fields decompose into SU (3) representation as summarized in the 
table im |64j . We denote the SU{3) representation R with four-dimensional spin s by 
Rg. For example, a triplet under SU{3) yielding a vector in four-dimensions is denoted 
by 3i. A four-dimensional tensor (or pseudo-scalar) is indicated by an index T. 



G 


9t,u 


I2 




(3 + 3)1 


9rnn 


lo + (6 + 6)0 + 80 


B2 




It 




(3 + 3)1 


Bmn 


lo + (3 + 3)0 + 80 







lo 



Table 3.1: Decomposition of the NS sector in SU{3) representations 

In the R-R sector type HA consists of odd forms C2n-i, while type IIB consists of 
even forms C*2n- Their decomposition into SU{3) representations is displayed in tables 

^The hat on the fields indicates ten-dimensional quantities. 
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13.21 and 13.31 [M" . We list only the decompositions of the Ci and C-^ in type IIA and 
C*o, C*2 5 C*4 in type IIB. The higher forms are related to these fields via Hodge duality of 
their field strengths. The form has a self-dual field strength and hence only half of its 
components are physical. 







ll 




Cm 


(3 + 3)o 




c 


(3 + 3)t 






li + (3 + 3)i + 8i 




Cmnp 


(l + l)o + (3 + 3)o + (6 + 6)o 



Table 3.2: Type IIA decomposition of the RR sector in SU{3) representations 



Co 


Co 


lo 






It 


C2 


r 


(3 + 3)i 




r 


lo + (3 + 3)o + 8o 




C^npq 


|[(l + l)i + (3 + 3)i + (6 + 6)i] 


c. 


Cmnpq / C ^ymn 


lo + (3 + 3)o + 8o 



Table 3.3: Type IIB decomposition of the RR sector in SU{3) representations 



The fields arising in this decomposition can be arranged into one = 8 gravitational 
multiplet. As discussed in ref. a possible reduction to standard N = 2 supergravity 
theory with a gravity multiplet as well as some vector, hyper and tensor multiplets is 
obtained by removing all the triplets from the spectrum. In particular, this amounts to 
discarding all four- dimensional fields which arise in the expansion of the ten-dimensional 
fields into one- and five-forms on A^g- 

In a second step we impose the orientifold projection to further reduce to an A^ = 1 
supergravity theory. Independent of the properties of the internal manifold we can give 
the transformation behavior of all supergravity fields under the world-sheet parity Qp 
and (—1)^^ lUE]. acts on B2 with a minus sign, while leaving the dilaton and the 
ten-dimensional metric G invariant. To display the transformation behavior of the R-R 
fields we introduce the parity operator A by 

X{C2n) = (-1)"C2„ , A(C2„_l) = (-l)"C2„_i , (3.8) 

where C2n are even and C2„_i are odd forms. Evaluated on the R-R forms A is minus the 
world-sheet parity operator Qp such that 

%Ck = -XiCk) , (3.9) 
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where k is odd for type IIA and even for type IIB. Finally, (—1)^^ acts on the R-R 
bosonic fields of the supergravity theories with a minus sign while leaving the NS-NS 
fields invariant. 

The type IIA orientifold spectrum 

Let us now determine the invariant spectrum for type IIA orientifolds. It turns out to 
be convenient to combine the odd R-R forms C'2„+i as jHlj 

Note that only half of the degrees of freedom in C°'^'^ are physical, while the other half 
can be eliminated by a duality constraint j^l]. Invariance under the orientifold projection 
O implies by using the transformation of the fields under Qp and (—1)'^^ that the ten- 
dimensional fields have to transform as 

a*B^ = -B2 , a*0 = , (T*C'°^'^ = \{C°^'^) , (3.11) 

where the parity operator A is defined in fl3.8|) and we used ()3.9|) . It turns out to be 
convenient to combine the forms ^2 and J with the ten-dimensional dilaton and ^2 into 
new forms 11''^/°'^'^ as 

where 

C = e-^-^e(^^^-^")/2 , e-^^^ = ^fi A , e"^" = | J A J A J . (3.13) 

In the expression for C the form contributions precisely cancel such that C is a complex 
scalar on A^g- It depends on the ten-dimensional dilaton and fixes the normalization 
of Q such that the combination CQ stays invariant under complex rescaling of Q}^ The 
four- dimensional dilaton is defined as 

= I f e-^^JAJAJ, (3.14) 

and reduces to the definition e~^ = e~'^ ^yYo\{M.Q) in case is constant along Ai^. 
Applied to the forms and C"'^'^ the orientifold conditions ()3.1|) and p.lip are 

expressed as 

= A(n"") , a*n°<^'^ = A (11°'^^) . (3.15) 

In order to perform the Kaluza-Klein reduction one needs to specify the modes of 
the internal manifold A4q used in the expansion of n^^/°'^<^ and C°'^'^. This implies that 
one needs to specify a set of forms on A^g which upon expansion yields the light fields 
in the spectrum of the four-dimensional theory. In general this issue is very hard to 
address and one can only hope to find an approximate answer in certain limits where 
the torsion is 'small'. Most of the difficulty is due to the fact that a non-trivial torsion 

^°Note that also depends on the three- form as given in H3.4|l . Hence, using the scahng behavior 
of 9 and K'^^ one finds C Ce~^ as ft ^ e^il for every complex function /. 
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may not generate an additional scale below the Kaluza-Klein scale. Hence, discarding 
the Kaluza-Klein modes needs some justification. Surprisingly, much of the analysis 
performed below does not explicitly depend on the basis used in the expansion of n^^/°'^*^ 
and C"'^'^. We therefore only assume that the triplets in the SU{3) decomposition are 
projected out while otherwise keeping the analysis general jHl]. Later on we restrict to a 
particular finite number of modes. 

To implement the orientifold projection we note that the operator Vq = Xa* squares 
to the identity and thus splits the space of two- and three-forms A^T* and A^T* on A^g 
into two eigenspaces as 

A^T* = A^T* © A^T* , A^T* = AlT* ® MT* , (3.16) 

where A^T* contains forms transforming with a ± sign under Vq. 

In performing the Kaluza-Klein reduction one expands the forms and C°'^^ into 

the appropriate subset of A^T* and A^T* consistent with the orientifold projection. The 
coefficients arising in these expansions correspond to the fields of the four- dimensional 
theory. In the case at hand the compactification has to result in an = 1 supergravity 
theory. The spectrum of this theory consists of a gravity multiplet a number of chiral 
multiplets and vector multiplets. Note that before the truncation to the light modes 
the number of multiplets is not necessarily finite, as the Kaluza-Klein tower consist of 
an infinite number of modes. These modes can acquire a mass via a generalized Higgs 
mechanism. For example, a two- from can become massive by 'eating' a vector [95j. In 
the following we will discuss the massless field content before such a Higgsing takes place. 

Let us first concentrate on the = 1 chiral multiplets arising in the expansion 
of the forms 11^^. Due to supersymmetry the bosonic components of these multiplets 
span a complex Kahler manifold. Its complex structure can be determined by specifying 
appropriate complex combinations of the forms J and B2 which upon expansion into 
modes of the internal manifold yield the complex chiral coordinates. The globally defined 
two-form J combines with the B-field into the complex combination 

J, = -B2 + iJ e AlT* , (3.17) 

where J is given in the string frame. The field B2 is only extended along A4e, since due 
to ()3.11|) the four-dimensional two-form in B2 transforms with the wrong sign under the 
orientifold symmetry a* and hence is projected out. In comparison to the general SU{3) 
decomposition of B2 given in table IXD we only kept the Iq + 80 representations while all 
other components left the spectrum. The complex form Jc is expanded in real elements of 
A^T* consistent with the orientifold projection 1)3.11) . p.lip and the definition of A given 
in fl3.8|) .^^ The coefficients of this expansion are complex scalar fields in four space-time 

^^This is in contrast to standard RR and NS fluxes, which correspond to background values of the 
field strengths of (7°'*^ and B2- The quantization condition implies that these fluxes can generate an 
intermediate scale. This allows to keep modes of the order of the flux scale, but discard all massive 
Kaluza-Klein modes. 

^^Note that the complex combination H3.17|l precisely gives the correct coupling to the string world- 
sheet wrapped around supersymmetric two-cycles in Mq. 

^■^Note that the eigenspaces Aj_T* are obtained from the operator Ve = Act* and hence differ by a 
minus sign from the eigenspaces of a*. 
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dimensions parameterizing a manifold Ai and provide the bosonic components of chiral 
multiplets. 

Turning to the expansion of the R-R forms C°'^'^ we first note that Ci (and hence 
6*7) are completely projected out from the spectrum. The four-dimensional part of Ci 
is incompatible with the orientifold symmetry as seen in ()3.1H) . On the other hand the 
internal part of Ci is a triplet under SU{3) and hence discarded following the assumptions 
made above. In contrast the expansion of C3 yields four- dimensional scalars, vectors and 
three-forms. Therefore, we decompose 

4 = ^^ +Cf + Cf , (3.18) 

where C^"'^ are n-forms in Ms^i times (3 — n)-forms in A4q. More precisely, in order to 
fulfill the orientifold condition ()3.1H1 the components Cji^^ and C^^ are expanded 
in forms A^T*, A^T* and A'^T* of Ai^ respectively. The coefficients in this expansion 
correspond to four-dimensional real scalars, vectors and three-forms. Let us note that we 
project out fields which arise in the expansion into one-forms on Ai^ as well as all other 
triplets. In summary the components kept, are the li + 81 and (l + l)o + (6 + 6)o while 
all other representations in table 13.21 have left the spectrum. 

The four-dimensional real scalars in C^^ need to combine with scalars arising in the 
expansion of n°'^'^ to form the components of chiral multiplets. The complex structure 
on the corresponding Kahler field space is defined through the complex form 

nf <^ = ^ + zRe(n°'^^) G AlT*. (3.19) 

where we used that Re(n°'^'^) transforms with a plus sign as seen from eqn. ()3.15|) . The 
complex coefficients of 11°'^'^ expanded in real forms A^T* are the bosonic components of 
chiral multiplets. Note that in the massless case theses chiral multiplets can be dualized 
to linear multiplets containing a scalar from Re (11°*^'^) and a two- form dual to the scalar 
in C^'' jnni- Due to the generality of our discussion both chiral and linear multiplets 
can become massive. The full = 1 spectrum for type IIA orientifold is summarized in 
table in 



multiplet 


bosonic fields 


A^6-forms 


gravity multiplet 






chiral multiplets 


Jc 


AlT* 


chiral/linear multiplets 


TTodd 

c 


AlT* 


vector multiplets 




AlT* 



Table 3.4: N = 1 spectrum of type IIA orientifolds 



The analysis so far was not restricted to a finite set of fields. Even though most of the 
calculations can be performed in this more general setting we will also give a reduction 

^''Note that the complex combination (|3.19(l precisely gives the correct coupling to D-branes wrapped 
around supersymmetric cycles in Ale [92. .93. .65] . 
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to a four- dimensional theory with finite number of fields. This is particularly useful in 
the discussion of mirror symmetry between SU{3) structure orientifolds and Calabi-Yau 
orientifolds with background fiuxes. A finite reduction is achieved by picking a finite 
basis of forms Afinite on the SU (3) structure manifold slightly extending the Calabi-Yau 
reductions jHElElj- The explicit construction of such a finite set of forms is difficult, 
however, we can specify its properties. Before turning to the orientifold constraints let 
us briefiy recall the construction of ref. 

To define the properties of Agnite we first need to introduce an additional structure 

on 

^cv.odd^-* known as Mukai pairings. These anti-symmetric forms are defined by 

^ ^ ^ \ -V^i A^5 + <^3AV'3-V^5A^i , 



where A is given in eqn. (j3.8j) and [. . .]q denotes the forms of degree 6. Clearly (yj, 
is proportional to a volume form on Ai^ and can be integrated over the manifold Ai^. 
Demanding this integrated Mukai pairings to be non-degenerate on Agnite puts a first 
constraint on the possible set of forms. To make this more precise, let us denote the finite 
set of forms in A"T* by A", with dimensions dim A". As a first condition we demand 
that dimA*^ = dimA^ = 1 and assume that A" consists of the constant functions while 
A^ contains volume forms e oc J A J A J. Moreover, demanding non-degeneracy of the 
integrated Mukai pairings on A*^"^ one defines a (canonical) symplectic basis on this space. 
Denoting a basis of A° © A^ by uj^ = (1, uja) one defines its dual basis u"^ = (a)^, e) of 
A^ © A^ by 

/ {u^,u^)=Sf, i,5 = 0,...,dimA2 , (3.21) 

with all other intersections vanishing. Turning to the odd forms A°'^*^ we follow a similar 
strategy to define a symplectic basis. However, in accord with our assumption above, we 
will set dimA^ = dimA^ = such that no one- or five-forms are used in the expansion 
of the fields. Hence, non-degeneracy of the integrated Mukai pairings implies that a 
symplectic basis (a^^,/?^) of A^ can be defined as 

[ (a^,/?^) = 5f, i:,L = l,...,idimA3 , (3.22) 

J Me 

with all other intersections vanishing. Note that the non- degeneracy of the integrated 
Mukai pairings implies that A'^^/°'^*^ contains the same number of exact and non-closed 
forms. We will come back to this issue later on when we introduce torsion fiuxes. 

After this brief review let us now specify how the orientifold symmetry acts on Agnite. 
Under the operator Vq = Act* the forms A" decompose into eigenspaces as 

A" = AI®A1. (3.23) 

Using the properties p.ip and ()3.8|) one infers dimA° = dimA^ = 0. Furthermore, 
under the split ()3.23|1 the basis {uj^,u}'^) introduced in ()3.2H1 decomposes as 

(u^A^Co^) ^ (l,a;a,cD-,e)GA7, (^„lD") G A!: , (3.24) 



-^^In section 0] we discuss a possible way to weaken this condition. 
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where a = 1, . . . , dim while a = 1, . . . , dim A^. Using the intersections ()3.2H) one 
infers that dim A^ = dim A^. Turning to the odd forms consistency requires that 

/ (Ai,Ai) = 0, *Ai = A3, (3.25) 

where in the second equahty we used the fact that a is an orientation-reversing isometry. 
The first condition is a consequence of the fact that A^ A Aj_ transforms with a minus 
sign under Vq and hence is a subset of A^ up to an exact form. The equations ()3.25j) 
imply that Aj_ are Lagrangian subspaces of A^ with respect to the integrated Mukai 
parings. Hence, also the symplectic basis {aj^,l3^) introduced in ()3.22|) splits as 

- {ak,f3^) eAl, {ax,f3')eAl, (3.26) 

where the numbers of ak and (3^ in equal to the numbers of (3'' and a\ in A^ 
respectively. This is in accord with equation ()3.22|1 . 

We are now in the position to give an explicit expansion of the fields into the finite 
form basis of Afinite. As discussed in the general case above the four- dimensional complex 
chiral fields arise in the expansion of the forms Jc and n"*^*^ introduced in eqn. ()3.17p and 
IKT^ . Restricted to A^, A^ and Al one has 

Je = ru;a, Uf'' = N'ak + TxP\ ^ = , (3.27) 

where the basis decompositions ()3.24|) and ()3.26|) were used. Hence, in the finite reduction 
the = 1 spectrum consists of dim A^ chiral multiplets and | dim A^ chiral multiplets 
N^^Tx. In addition one finds dimA^ vector multiplets, which arise in the expansion of 

(3) 

C3. Moreover, one four- dimensional massless three-form arises in the expansion of C3 
into the form 1 G A']_. It carries no degrees of freedom and corresponds to an additional 
flux parameter. 

The type IIB orientifold spectrum 

Let us next turn to the spectrum of type IIB SU (3) structure orientifolds. To identify the 
invariant spectrum we first analyze the transformation properties of the ten-dimensional 
fields. In contrast to type HA supergravity the type IIB theory consists of even forms 
C2n in the R-R sector, which we conveniently combine as [HI] 

(7- = C^ + C2 + Ci + C^ + Cs . (3.28) 

Only half of the degrees of freedom in C^^ are physical and related to the second half 
by a duality constraint j94i- Using the transformation properties of the fields under Vtp 
and (-1)^^ the invariance under the orientifold projections implies that the ten- 
dimensional fields have to transform as 

a*B2 = -B2, fT*0 = 0, a*^"" = ±A(C"=") , (3.29) 

^®Thc transformation behavior of the R-R forms under the world-sheet parity operator flp was given 
in eqn. (|3.9|l . 
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where the plus sign holds for orientifolds with 0?)/07 planes, while the minus sign holds 
for 05/09 orientifolds. The parity operator A was introduced in eqn. (j3.8|) . We combine 
the globally defined forms J and VL with the fields -B2, and C*^^ as 

= Q , = e-h-^^+''^ , A""^ = e-^^ A O^" . (3.30) 

where in comparison to (j3.12p one finds that <l>°'^'^ takes the role of 11'^^ and replaces 
-Qodd Applied to these forms the orientifold conditions ()3.5|) . ()3.6p and ()3.29p read 

where the upper sign corresponds to 03/07 and the lower sign to 05/09 orientifolds. 

In a next step we have to specify the basis of forms on A^g used in the Kaluza-Klein 
reduction. In doing so we will face similar problems like in the type IIA case. Following 
the strategy advanced above we first briefly discuss the general case and later simplify 
the reduction to the finite set of forms Agnite. The decomposition of the ten-dimensional 
fields into SU{3) representations is given in tables ITT] and IX^ Also in the type IIB case 
we will remove all triplets of SU{3) from the spectrum 

In order to perform the reduction we first investigate the splitting of the spaces of 
forms on under the operator Pg = Aa*. Since Vq squares to the identity operator it 
splits the forms as in eqn. ()3.16p . More generally, we will need the decomposition of all 
even forms as 

A^^T* = A^^T* © A^^T* . (3.32) 

The four-dimensional fields arising as the coefficients of $'5^/°^^ g^j^^ ^ev expanded on 
A|T* and A|^T* fit into = 1 supermultiplets. 

Firstly, we decompose the odd form into the eigenspaces of Vq. In accord with 
the orientifold constraint ()3.3H) we find 

03/07: G AlT^ , 05/09: <!>"'^'^ G A^T^^ . (3.33) 

Note that the actual degrees of freedom of <l>°*^'^ = Q are reduced by several constraints. 
More precisely, one has to specify forms which are associated to different reductions 
of the A4q structure group to SU{3). As already discussed in section |21 those reductions 
can be parameterized by real three-forms p = Re($°'^'^) which are in addition stable. The 
imaginary part Im($°*^'^) can be expressed as a function of Re($°'^*^) such that only half 
of the degrees of freedom in are independent [79J. Moreover, as in the case of a 
Calabi-Yau manifold, different complex normalizations of <l>°'^^ correspond to the same 
SU{3) structure of Aig. Therefore, one additional complex degree of freedom in is 
unphysical and has to be removed from the = 4 spectrum. 

In the reduction also the ten-dimensional form A*^^ is expanded into a basis of forms 
on M-Q while additionally satisfying the orientifold condition (j3.3H) . In analogy to (j3.18j) 
we decompose 

A^^ = AJ^^ + A'il^ + A^^) + A^3^) , (3.34) 

where the subscript (n) indicates the form degree in four dimensions. Note that in a 
general expansion of A^^ in odd and even forms of A4q as A'^^ = ev|4 x evje + odd|4 x oddjg 
it would be impossible to assign a four- dimensional form degree as done in eqn. (|3.34|) . 
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This is due to the fact that such a decomposition only allows to distinguish even and odd 
forms in four dimensions. However, the orientifold imposes the constraint (j3.31|) which 
introduces an additional splitting within the even and odd four-dimensional forms. Let 
us first make this more precise in the case of 03/07 orientifolds where A*^^ transforms 
as a*A'^'^ = X{A'^^). Using the properties of the parity operator A one finds that the 
scalars in A'^^^ arise as coefficients of forms in A'j^T* while the two-forms in A^2) arise as 
coefficients of forms in A*^T*. Similarly, one obtains the four-dimensional vectors in A^]'^ 
as coefficients of A^T* and the three-forms in A'^^^ as coefficients of A^T*. In the case of 

05/09 orientifolds the ten-dimensional form A^^ transforms as a*A^''' = — A(/l'^^) and all 
signs in the 03/07 expansions above are exchanged. For both cases the decomposition 
()3.34|) is well defined and we can analyze the multiplet structure of the four- dimensional 
theory. 

In four dimensions massless scalars are dual to massless two-forms, while massless 
vectors are dual to vectors. Using the duality condition on the field strengths of the even 
forms one eliminates half of its degrees of freedom. Indeed it can be shown that in 
the massless case the scalars in A"^^^ are dual to the two-forms A'^^y However, due to the 
generality of our discussion also massive scalars, vectors, two-form and three-forms can 
arise in the expansion ()3.34|) . In these cases the duality constraint gives a complicated 
relation between these fields. In the following we will first restrict our attention to the 
massless case and eliminate the two- forms in AJ^^ in favor of the scalars in ^(o)- 

Let us start with the chiral multiplets. As the bosonic components these multiplets 
contain the real scalars in AJ^^ which are complexified by the real scalars arising in the 
expansion of Re($'^^) or Im($''^). From the orientifold constraint ()3.3H) on infers that 
Re($'^^) is expanded in forms of A^T* while Im($'^^) is expanded in forms of A^^T*. 
Therefore, one finds the complex forms 

03/07 : $r = A(o) + iRe($'^) , 05/09 : $7 = A^^^ + zlm($"") . (3.35) 

The complex scalars arising in the expansion of the forms ^'^J span a complex manifold 
Ai^. This manifold is Kahler as discussed in the next section. Here we conclude our 
general analysis of the spectrum of type IIB SU (3) structure orientifolds by summarizing 
the four- dimensional multiplets in table 13.51 

To end this section let us give a truncation to a finite number of the four-dimensional 
fields. As we have argued in the previous section this is achieved by expanding the ten- 
dimensional fields on the finite set of forms on A^g denoted by Agnite- This is done in 
accord with the orientifold constraints for 03/07 and 05/09 orientifolds. Once again, 
the n-forms A*^ split as A" = A" © A", where A!^ are the eigenspaces of the operator 
Ve = Act*. However, since A^ contains forms proportional to J A J A J one infers from 
condition ()3.5p that dim A^ = 0. Clearly, one has dim A*^ = since A° contains constant 
scalars which are invariant under Vq. A further investigation of the even forms in A^ 
and A"^ shows that the basis introduced in eqn. (|3.21|) decomposes as 

{u^A^Co^) ^ (l,a;a,cD")GA7, (e,a;„,cD'^)G Al^ (3.36) 

where a = 1, . . . , dim A^ and a = 1, . . . , dim A^. Using J A J A J G and eqn. ()3.2H) 
one finds that A^ = A^. Together with the fact that J (A^y, A^y) = one concludes 

^^Note that also in the type IIB cases the complex forms encode the correct couplings to D-branes 
fully wrapped on supersymmetric cycles in Mq [92. .93. iBfi; . 
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multiplet 


bosonic fields 


TWg-forms 






03/07 


05/09 


gravity multiplet 








chiral multiplets 






AlT* 


chiral/linear multiplets 


c 






vector multiplets 


Aev 
^(1) 


AlT* 


A-lT* 



Table 3.5: = 1 spectrum of type IIB orientifolds 



that A^y are Lagrangian subspaces of A*^^. This is the analog of the Lagrangian condition 
(I3.25P found for the odd forms in type IIA. Let us turn to the odd forms A^ = Al © A^L. 
Due to the condition (|3.6p the three-form Q is an element of for 03/07 orientifolds, 
while it is an element of Al for 05/09 orientifolds. Note that in contrast to the even 
forms A^y the spaces A"^ and Al have generically different dimensions. The basis of 
three-forms introduced in ()3.22|) splits under the action of Vq as 

(c^K.P^) ^ K,/3')gA^, (a,,/5'=)GA3 , (3.37) 

where A = 1, | dim Aj^, k = 1, ^A^_. 

Given the basis decompositions (j3.36p and (j3.37p we can explicitly determine the 
finite four-dimensional spectrum of the type IIB orientifold theories. For orientifolds 
with 03 / 07 planes one expands and A'^^^ into A*^ and Al as 

$- = r + G"a;, + T,cD^ A'^^ = A^ax, (3.38) 

where t^C^^T^ are complex scalars in four dimensions. The vector coefficients of the 
forms (3^ in the expansion of AJ[-^ are eliminated by the duality constraint on the field 

strength of . In addition we find that <l>°'^'^ depends on |(dimA'^ — 2) complex 
deformations . Therefore the full = 1 spectrum consists of |(dimA'^ — 2) chiral 
multiplets z'^ as well as dim A^ + 1 chiral multiplets r, C^jT^. Moreover, we find | dim A^ 
vector multiplets A^. 

The story slightly changes for orientifolds with 05/09 planes. In this case the chiral 
coordinates are obtained by expanding 

$7 = ruo, + UbCo' + Se , AJl^ = A'^ak , (3.39) 

where f^jUb, S are complex four-dimensional scalars and the volume form e is normalized 
as Jj^^ e = 1. Moreover, the form depends on |(dim Aj^ — 2) complex deformations 
z^. In summary the complete A^ = 1 spectrum consists of |(dim Aj^ — 2) chiral multiplets 
as well as dim A^ + 1 chiral multiplets t°',Ub, S. Finally, the expansion of yields 
idimA"^ independent vector multiplets A''. 
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3.3 The Kahler potential 



In this section we determine the Kahler potential encoding the kinetic terms of the chiral 
or dual linear multiplets. Recall that the standard bosonic action for chiral multiplets 
with bosonic components contains the kinetic terms [HZI 

S-chiral = / Gij- dM' A *4 dM' , (3.40) 

-'A/3.1 

where d and *4 are the exterior derivative and the Hodge-star on M^^i. The metric 
Gij = dMid^jK is Kahler and locally given as the second derivative of a real Kahler 
potential K{M,M). In other words, the function K determines the dynamics of the 
system of chiral multiplets. Similarly, one can derive the kinetic terms for a set of linear 
multiplets from a real function, the kinetic potential K. Since in the massless case 
the linear multiplets are dual to chiral multiplets one can always translate K into an 
associated K via a Legendre transformation [96].^® It therefore suffices to derive the 
Kahler potential. In the massive case the duality between chiral and linear multiplets 
is no longer valid, however, the function K can still be formally related to a Kahler 
potential K. In the following we will determine the Kahler potential K for type IIA and 
type IIB orientifolds in turn. 

The IIA Kahler potential and the Kahler metric 

Let us start by discussing the type IIA Kahler potential first. As in section 13.21 we 
will keep our analysis general and only later specify a finite reduction. We found in 
the previous section that the complex scalars in the chiral multiplets are obtained by 
expanding the complex forms II*^^ and 11°'^'^ into appropriate forms on Ai^. Locally, the 
field space takes the form 

M^xM^ , (3.41) 

where Ai^ and are spanned by the complex scalars arising in the expansion of 11'^^ 
and n°*^'^ respectively. = 1 supersymmetry demands that both manifolds in (j3.4H) are 
Kahler with metrics locally encoded by Kahler potentials K^ and K^. From the point 
of view of an A^ = 2 to A^ = 1 reduction, the manifold is a complex submanifold 
of the N = 2 special Kahler manifold spanned by the complex scalars in the vector 
multiplets. As we will discuss momentarily the manifold Ai^ directly inherits its Kahler 
structure from the underlying N = 2 theory. On the other hand, A^**^ is a submanifold 
of the quaternionic space spanned by the hyper multiplets and has half its dimension. It 
is a non-trivial result that A^**^ is a Kahler manifold since the underlying quaternionic 
manifold is not necessarily Kahler. 

We analyze first the structure of the field space M.^ spanned by the complex fields 
arising in the expansion oi Jc = —B2 + iJ into forms A^T*. Note that as in the original 
N = 2 theory not all forms J are allowed and one restricts to the cases where J, J A J 
and J A J A J measure positive volumes of two-, four and six-cycles 98J. We abbreviate 
this condition by writing J > 0. Hence, the coefficients of Jc define the complex cone 

M^ = {Jce AlT* : J A J A J ^ and J > 0} . (3.42) 
^^For a brief review, see also section 4 of ref. |28j . 
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This manifold has the same complex structure as the underlying N = 2 special Kahler 
manifold. It also inherits its Kahler structure with a Kahler potential given by jHHl 

K^{J^) = -\n[-i f (ff", ff")] = - In [| /" J A J A J] , (3.43) 
J Ma J Me 

where n*^^ = e'^" is introduced in ()3.12|) and the pairing (-, ■) is defined in (IT^ .^^ The 
Kahler metric is obtained as the second derivative of given in ()3.43p with respect to 
Jc and Jc- More precisely, one finds 

G''{u;,u;') = [djAjK^]{^,u;') = -2e^" / (a;,*6^'> , (3.44) 

JMe 

where *6 is the six-dimensional Hodge-star and uj, uj' are two-forms in A^T* . Note 
that in this general approach the derivatives are taken with respect to two- forms on A^g 
containing the D = A scalars such that the result needs to be evaluated on elements of 
h?jT* . The four-dimensional kinetic terms ()3.4()j) read ^'^ 

= / G'^(dJ„*4 dJ,) (3.45) 

with four- dimensional derivative d. From ()3.44|1 one concludes that the metric only 
depends on 11'^^. It is straight forward to evaluate ()3.45|) in the finite basis Ua G 
introduced in equation ()3.24p . On this basis the complex form decomposes as Jc = t"'uja 
and one finds 

5nev = f dt« A *4 d? , G^^ = 2e^" / cu, A . (3.46) 

JA/3,1 J 

In the finite basis the metric G^ takes a form similar to the case where A^e is a Calabi- 
Yau orientifold [21]. However, since the forms uja are not necessarily harmonic a potential 
for the fields is introduced as we will discuss in section 13.41 

Let us now turn to the second factor in 1)3.411) and investigate the Kahler structure 
of the manifold M.'^. As introduced in section ing the complex coordinates on this space 
are obtained by expanding the form H"'^*^ into elements of K^jT* . The metric on the field 
space M'^ is derived by inserting the expansion of H°'^'^ in the ten-dimensional effective 
action of type IIA supergravity. For the form G^^ the reduction of the R-R sector yields 
the term 

S^m= [ GQ(dGf ,*4dGf ) , (3.47) 
where the metric G^ is defined as 

G^{a,a') = 2e^^ [ {a,Ha') , (3.48) 

J Me 

""^^Note that in contrast to ref. we included an integration in the definition of such that it is 
independent of the coordinates on A4e- This imphes that four-dimensional supergravity theory takes the 
standard N = 1 form. However, this also implies that we have to exclude modes which correspond the 
rescalings of J by a function A4q (see also appendix IB. 3p . We will come back to this issue in a separate 
publication 

^°The action is given in the four-dimensional Einstein frame where the kinetic term for the metric 
takes the form ^R. 
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with a, a' G A^T*. The four-dimensional dilaton D was defined in eqn. fl3.14|) and arises 
in (j3.47j) due to a Weyl rescahng to the four-dimensional Einstein frame. The R-R field 
is complexified by Re(n°'^^) as given in eqn. ()3.19j) . Therefore, the full kinetic terms 
for the complex scalars in 11°'^'^ are given by 

^ngdd = / G*^(dn°'^^*4dnf^) . (3.49) 

The metric is Kahler on the manifold Ai^ if we carefully specify the forms used in the 
expansion of 11°*^'^. As already explained in section |21 the real three-forms p = Re(n°'^'^) 
defining an SU (3) structure manifold have to be 'stable'. We denote all stable forms in 
A^T* by U^. Using this definition the field space Ai^ spanned by the complex scalars 
in n°'^'^ is locally of the form 

= {Re(n°'^^) eUl} X AlT* , (3.50) 

where A'^T* is parameterized by the real scalars in the R-R field Cf'\ 

In appendix IB. 31 we show that the metric can be obtained as the second derivative 
of a Kahler potential. Note however, that we have to impose an additional constraint on 
the forms in A^**^ in order to obtain a Kahler potential independent of the coordinates 
on More precisely, we demand that all (3, 0) + (0, 3) forms in are proportional 
to p with a coefficient constant on A^g-^^ On this the set of stable forms one shows that 
the metric G^ is Kahler with a Kahler potential given by 

^Q^j^odd^) _ _2in f (n"'^^ n°'^^>] = - In [e-^^] , (3.51) 

where in the second equality we have used the definition of n°'^*^ = CQ given in equations 
()3.12|1 and ()3.13j) to express in terms of the four- dimensional dilaton defined in 
eqn. ()3.14j) . The functional appearing in the logarithm of the Kahler potential, 

i/[Re(n°^^)] =1 J (n"'^^ n°'^<^) , (3.52) 

was first introduced by Hitchin in refs. [TH] . A more explicit definition of as a functional 
of Re(n°'^'^) can be found in appendix El The metric G^ defined in ()3.48p is obtained by 
the second derivative 

(a, a') . (3.53) 

Note that is a function of Re(n°'^<^) and does not depend on the R-R fields Re(n°'^'^) = 
Cg^^ Hence, the metric G^ possesses various shift symmetries and the second factor in 
()3.50|) is a vector space. 

Finally, we will restrict the results obtained for A^**^ to the finite basis Afinite. In order 
to do so, one expands the complex form 11°'^*^ in the real basis afc,/3^ G as given in 

^-•^The detailed definition of stable forms is given in appendix 151 

^^This condition can be weakened in case the Kahler potential is defined as a logarithm of a function 
varying along Aig as we also discuss in appendix IB. 31 In this case, the orientifold theory is an = 1 
reformulation of the ten-dimensional supergravity theory [HS| ■ 
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eqn. ()3.27|) . The coefficients of this expansion are complex scalars N^,Tx. The Kahler 
metric is the second derivative of given in eqn. (j3.51|) with respect to these complex 
fields. Explicitly, it takes the form 



d^kd^iK = 2e^^ / akAnai, dNudf^K = 2e^'' akA*6(3'", (3.54) 

J Me J Me 

dr^df^K = 26^^ [ r A*6/3V 

JMe 



This ends our discussion of the Kahler metric on the type IIA field spaces x A^^. 
We found that the Kahler potentials are the two Hitchin functionals depending on real 
two- and three- forms on Mq. A similar result with odd and even forms exchanged is 
found for type IIB orientifolds to which we turn now. 

The IIB Kahler potential and the Kahler metric 

In the following we investigate the Kahler structure of the scalar field space in type IIB 
orientifolds. The complex scalars in the chiral multiplets are obtained by expanding 
and into appropriate forms on A4q as introduced in eqns. ()3.33|) and ()3.35|) . These 
complex scalars locally span the product manifold Ai^ x Ai^, where Ai^ contains the 
independent scalars in while At^ contains the scalars in Note that we are now 
dealing with two type IIB setups corresponding to two truncations of the original N = 2 
theory. 

As in the type IIA orientifolds the complex and Kahler structure of Ai^ is directly 
inherited from the underlying N = 2 theory. Independent reductions of the structure 
group of Aie are parameterized by a set of real stable forms p = Re($°'^'^) denoted by U^. 
In order to satisfy the orientifold constraints (|3.31|) this field space is reduced to U'^ for 
03/07 orientifolds and to for 05/09 orientifolds. Furthermore, complex rescalings 
of the complex three-form are unphysical. Hence, the moduli space encoded by <l>°'^'^ 
is obtained by dividing f/|. by reparameterizations — > c$°*^'^ for complex non-zero 
c G C*. The field space is then defined as 

Al^ = {Re(<l>°'^'^) G U^}/C* , (3.55) 

where the minus sign stands for 03/07 and the plus sign for 05/09 orientifolds. The 
field space Af^ is a complex Kahler manifold. This is shown in analogy to the N = 2 
case discussed in refs. jTHl El]; since the orientifold projections preserve the complex 
structure and only reduce the dimension of At^. We denote the complex scalars parame- 
terizing A(^ by z^s. The Kahler potential as a function of these fields and their complex 
conjugates is given by 

K^{z,z) = -\n[-i f (<l>°^^$°<^'^)] = -In [-Z /" QaQ], (3.56) 

JMe JMe 

where in the second equality we used the definitions ()3.30p and ()3.20|) of ^"'^'^ and the 
pairings (■,■)• The manifold A4^ possesses a special geometry completely analogous to 
the N = 2 case, such that in particular the three-form fl{z) is a holomorphic function 
in the complex coordinates z on Ai^. This special geometry was used in ref. [HI] to 
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derive the Kahler metric corresponding to K . We will not review the result here, but 
rather immediately turn to the field space Ai^ which is a Kahler field space in the N = 1 
theory. 

Let us now determine the Kahler potential encoding the metric on the field space 
A4^. As discussed in section the complex coordinates spanning Ai^ are obtained by 
expanding into elements of A^y depending on whether we are dealing with 03/07 or 
05/09 orientifolds. The precise definition of was given in eqn. ()3.35|) . Note that not 
every form in A^y corresponds to a reduction of the structure group of A4q to SU{3) and 
we have additionally to impose constraints on Im($^^) analog to the stability condition 
discussed above. Recall that in the 03/07 case Im($°^) = Re{e~'^e~^'^^^'^) and in the 
05/09 case Im($^^) = lm{e~'^e~^^~^^-^) as given in eqns. ()3.3()j) and ()3.35j] . In these 
definitions the real two- from J has to satisfy J A J A J and J > as in ()3.42|) . 
Altogether the field space Ai^ locally takes the form 

= {Im($^") G A^" : J A J A J ^ and J > 0} X A^"T* , (3.57) 

where the vector space A^T* is spanned by the fields A^^^ . The plus sign in the expression 
fl3.57|l corresponds to orientifolds with 03/07 planes while the minus sign stands for 
the 05/09 orientifolds. The metric on the manifold A^*^ is obtained by inserting the 
expansion of the R-R form A'^^^ into the ten-dimensional action of type IIB supergravity. 
Performing a Weyl rescaling to the four- dimensional Einstein frame one finds 

Sa- = [ GQ(dA^o^),*4dA^J)) , (3.58) 
where is defined on forms z/, z/' G A'^T* as 

GQ(z/, u') = 2e2^ / (z/, *B y') . (3.59) 

J Ma 

The reason for this simple form is that we have replaced the ordinary Hodge-star by the 
B-twisted Hodge star *b acting on an even form v as (see, for example, ref. ^85.j ) 

zy = /\ *A(e"^2 A v) , (3.60) 

where A is the parity operator introduced in ()3.8|) . In equation ()3.59|) the four-dimensional 
dilaton D is defined as in the type II A case fl3.14jl . Including the reduction of Im($^^) 
the action ()3.58j) is completed as 

S^..= [ G'^(d$r,*4d$r) • (3.61) 

The metric is shown to be the second derivative of the Kahler potential 

K^{<^<'J) = -2 In [i I ($"",$°")] = - In [e"^^] , (3.62) 

J Ma 

^•^As in the type IIA case we discard the non-trivial modes proportional to Im($°^). These can be 
included if the Kahler potential is the logarithm of a volume form varying along M.^. 
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where in the second equahty we have used the definition of ^'^^ as given in ()3.3Up . Note 
that is a function of Im($^^) only, such that it depends on Re(<l>''^) in 03/07 orien- 
tifolds while it depends on Im($''^) in 05/09 orientifolds. The functionals appearing in 
the logarithm are the Hitchin functionals (see also appendix |B)) ,80j| 

i/[Re($*'^)] = i /" ($^^,1'^^), i7[Im(<l>"^)] = i /" ($"^, $"^) , (3.63) 

depending on whether we are dealing with 03/07 and 05/09 orientifolds.^^ The metric 
given in eqn. (j3.59p is obtained by taking the second derivative of as 

G^{u, v') = [d^o.d^..K^] (z/, u') . (3.64) 

Due to the independence of of the R-R scalars in A'^^^ the metric possesses shift 
symmetries. 

It is straight forward to evaluate the Kahler metric for the finite basis of A^y 
introduced in (|3.36j) . The coefficients are complex fields = {T,G°',Ta) for 03/07 
orientifolds and = {S,t'',Aa) for 05/09 orientifolds as seen in eqns. (|3.38p and 
fl3.39|) . Explicitly the metric G^ is given by 

^ma^mbK = e^^ j (z/^, *B i^b) , (3.65) 

where vj^ = {l,LJa,0J°') for 03/07 orientifolds while = (ejCUccD") for 05/09 orien- 
tifolds. These metrics are identical to the ones derived for type IIB Calabi-Yau orien- 
tifolds [23 if the finite basis Agnite is consisting of harmonic forms only. Compared to 
the expression given in ref. we simplified the result considerably by introducing the 
B-twisted Hodge-star *b- 

To summarize we found that also in the type IIB setups the field space A4^x is a 
Kahler manifold with Kahler potentials given by the logarithm of the Hitchin functionals. 
This fixes the kinetic terms of the chiral or dual linear multiplets. Surprisingly, our 
analysis can be performed in a rather general setting without specifying a finite reduction. 
To illustrate the results we nevertheless gave the reduction to the finite basis Agnito- We 
will now turn to the analysis of the superpotential terms induced on SU{3) structure 
orientifolds. 



3.4 The Superpotential of type II SU{3) structure orientifolds 

In this section we derive the superpotentials for type HA and type IIB SU (3) structure 
orientifolds in presence of fiuxes and torsion. The calculation is most easily done on the 
level of the fermionic effective action. This is due to the fact that the superpotential 
W appears linearly in a four-dimensional = 1 supergravity theory as the mass of the 
gravitino ipf^. The corresponding mass term reads 

Sm^s = - [ {Wij^a^"^, + W^^a'^''^,) *4 1 , (3.66) 

Jm3,1 

the first case one obtains the functional dependence of H by evaluating Im(<i>°^) as a function of 
the real part Re($''^), while in the second case one needs do find Re(<i>°'^) [lni($°'^)] . 
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where ^4! = ^/—gld^x is the four-dimensional volume element and K is the Kahler 
potential on the chiral field space. To determine (j3.66|) for the orientifold setups one 
dimensionally reduces the fermionic part of the type IIA and type IIB actions. As in 
the bosonic part, the orientifold projections ensure that the resulting four- dimensional 
theories possess N = 1 supersymmetry. 

Let us start by recalling the relevant fermionic terms for our discussion in the ten- 
dimensional type IIA and type IIB supergravity theories. We conveniently combine the 
two gravitinos into a two- vector ipN = The effective action for the gravitinos 

in string frame takes the form 

S^ = - [ [e-^^^Mr^^^^D^V-P * 1 + ze-^'^H, A *^ + I ^ F„ A , (3.67) 

where we are using the democratic formulation of ref. [01]. The R-R field strengths F„ 
are defined as 

F„ = dCn-l -H3A Cn-3 , *F„ = A(Ao-n) , (3.68) 

where n runs from to 8 for type IIA and from 1 to 9 for type IIB and we set if 3 = dB2. 
The self-duality condition in eqn. ()3.68|) implies that half of the R-R fields in C'^^/°^'^ 
carry no extra degrees of freedom. Furthermore, \& and \E'„ are ten-dimensional three- 
and n-forms which are bilinear in ipM and have components 

(^)a/iM2M3 = i'M'^^^^'^MiA/hM'i'^^^'P'^^N , 

(^n)A/i...M„ = e-^4fr[*^rM,...M, r^lPnV'TV , (3.69) 

where V = Tu, Vn = (rii)" for type IIA while for type IIB one has V = — o"^, Vn = o"^ 
for even and Vn = icr"^ for odd. 

In a next step we dimensionally reduce the action ()3.67|) on the manifold M3 i x M.^ 
focusing on the derivation of four-dimensional mass terms of the form ()3.66p . In order to 
do that we decompose the ten-dimensional gravitinos ipM into four-dimensional spinors 
on M3 1 times six- dimensional spinors on the SU (3) structure manifold }Aq. Of particular 
interest is the reduction of where /x labels the four space-time directions on M3_i. In 
type IIB both ten-dimensional gravitinos have the same chirality and split as 

= V^>^- + V^>^+ ^=1,2, (3.70) 

where 77 denotes the globally defined spinor introduced in eqn. ()2.2j) with six-dimensional 
chirality ±. The four-dimensional spinors ip^^"^ and ip^^'^ are Weyl spinors with positive and 
negative chiralities respectively. In type IIA supergravity the gravitinos have different 
chiralities and hence decompose as 

i^l = i^l®v+ + i'l® V- , ^l = iijl®v- + i>l^v+ ■ (3.7i) 

^^We only display terms which are quadratic in the gravitinos V'a' since we aim to calculate terms 
of the form (|3.t)t)|) . Moreover, note that the ten-dimensional fermions are Majorana-Weyl spinors and 

the conjugate spinor ^pM = V^mT" is obtained by herniitian conjugation and multiplication with the 
ten-dimensional gamma- matrix T'^. 
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The spinor i/jj^'^ appearing in ()3.70|) and ()3.7ip yield the four-dimensional gravitinos 
when appropriately combined with four-dimensional spinors arising in the expansion 
of iprn, m = 1, . . . ,6. However, since they are combined linearly the mass terms of ^/'^'^ 
take the same form as the one for the four-dimensional gravitinos which label the N = 2 
supersymmetry. 

The orientifold projections reduce the four- dimensional theory to an = 1 super- 
gravity. Hence, the two four-dimensional gravitinos as well as the spinors ^/'^'^ are not 
independent, but rather combine into one four- dimensional spinor ip^ which parameterizes 
the = 1 supersymmetry. This spinor is chosen in such a way that its ten-dimensional 
extension %Ijm is invariant under the projections O and C(i,2) given in eqns. ()3.2|) and ()3.7|) 
respectively. To investigate the transformation behavior of ten-dimensional spinors, re- 
call that the world-sheet parity Vtp exchanges and ip\i. If the orientifold projection 
contains the operator (—1)-^^ one finds an additional minus sign when applied to In 
this we asserted that is in the NS-R sector while ip]^ is in the R-NS sector. The geo- 
metric symmetry a acts only on the internal space M.q which translates to a non-trivial 
transformation of the globally defined spinor rj. The precise action of a* is different for 
type HA and type IIB orientifolds. In the following we will discuss the reduction of both 
ten-dimensional type II theories in turn and determine the induced superpotentials. 

The type IIA superpotential 

Let us first determine the superpotential for type IIA orientifolds induced by non-trivial 
background fluxes and torsion. Background fluxes are vacuum expectation values for the 
R-R and the NS-NS field strengths. We denote the background flux of dB2 by H-^ while 
the fluxes of the R-R forms dCn are denoted by Fn+i- In order that the four-dimensional 
background Ms^i is maximally symmetric the fluxes have to be extended in the internal 
manifold M.q or correspond to a four-form on M3 i. In type IIA supergravity we addi- 
tionally allow for a scalar parameter Fq, which corresponds to the mass in the massive 
type IIA theory introduced by Romans • In order that the background fluxes respect 
the orientifold condition ()3.1H) they have to obey 

a*H^ = -Hs , a*Fn = X{Fn) . (3.72) 

It is convenient to combine the R-R background fluxes into an even form F'^^ on Ai^ as 

F^" = Fo + F2 + F4 + Fe . (3.73) 

In addition to the background fluxes also a non- vanishing intrinsic torsion of the SU (3) 
structure manifold will induce terms contributing to the A^ = 1 superpotential. These 
arise due to the non-closedness of the globally defined two-form J and three-form and 
can be parameterized as given in eqn. (j2.9|) . 

In order to actually perform the reduction we need to specify the action of the ori- 
entifold projection O = {—l)^'^Qpa* on the spinors tpj^ and tp'^. The transformation 
behavior of the ten-dimensional gravitinos under {—l)^^Qp was already discussed above. 
We supplement this by the action of cr* on the globally defined spinor 77. In accord with 
condition ()3.1|) one has 

a*7]+ = , a*r]_ = e-'%+ , (3.74) 
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where 6 is the phase introduced in eqn. ()3.1|) . Therefore, the invariant combination of the 
four- dimensional spinors is given by ip^j, = |(e*^/^ ■j/'^ — e~*^/^ V^) with a similar expression 
for the Weyl spinors In order to ensure the correct form of the four- dimensional 

kinetic terms for ■j/'^ we restrict to the specific choice 

= e''^' = ^l, = e-^'/' = -d'^" . (3.75) 

These conditions define a reduction of a four-dimensional = 2 to an = 1 supergravity 
theory [771 IZHl Hence, the mass terms of the spinors ip^ take the standard = 1 
form given in eqn. (j3.66p . 

Now we turn to the explicit reduction of the ten-dimensional effective action (j3.67|) 
focusing on the mass terms of ip^ induced by the background fluxes and F„ and the 
torsion of A^e- We use the decomposition ()3.71|) together with ()3.75|) and the gamma- 
matrix conventions summarized in appendix^ to derive 
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e 2 iJ^.a^^'i^u *A 1 

A/3,1 JMq 



+ i e~^+'' (HsUnp vil"'"''V- - Jt e-^-'' (i^3)mnp r/l7'""^+ (3.76) 

k even 

where e^^^ = e^^e^^/^ with as defined in eqn. ()3.43|) . The four-dimensional dilaton 
is introduced in ()3.14|1 . Note that after the reduction of the D = 10 string frame 
action to four space-time dimensions we performed a Weyl-rescaling to obtain a standard 
Einstein-Hilbert term. More precisely, in the derivation of ()3.76|) we made the rescaling 

The rescaling of ^/^^ ensures that the four-dimensional theory has a standard kinetic term 
for the gravitino. The superpotential can be obtained by comparing the action ()3.76|1 
with the standard = 1 mass term (13.661) . We will discuss the arising terms in turn and 
rewrite them into the form language used in the previous sections. 

Let us next express the result (|3.76|) in terms of the globally defined two-form J and 
VLri defined in fl2.6|) . First note that fi^ is related to the Vt used in analysis of the bosonic 
terms (sections 13.21 and 13. 3|) by a rescaling 

a, = e(^^^-^")/2n , (3.78) 

where e~^™ = i j Vt /\VL and is defined in ()3.43|) . The three- form fi^ is defined in 
such a way, that it satisfies automatically the first condition in ()2.7p when integrated 
over The quantities in the first line of ()3.76|1 are expressed in terms of the forms 
and J by using the identities 

I V-l'^D^r]^ *g 1 = _i /■ n^AdJ , I 7]l^"'D^7]^ *g 1 = _i /■ n^AdJ , 

J Me J Ma J Me J Ma 

(3.79) 



^The expression HH.79|I can be shown by using the Fierz identity (|A.13|I and expression (|A.14(I for 
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where d is the six-dimensional exterior derivative. Using these integrals as well as ()3.78|) 
and the definition of 11°'^'^ = Cn displayed in (HTT^ . STH^ one finds 



4 / e 

'Me 



*fi 1 



Me 



(rfRe(n°^'^), J) . (3.80) 



Similarly, one expresses the remaining terms in the action ()3.76|) using the three- from 
n°'^'^ and the two-form J. More precisely, the terms in the second line of eqn. ()3.7(ij) are 
rewritten by applying eqns. ()2.fij) . ()3.78|) . ()3.12j) and *VL = —iQ as 



Me 



(3.81) 



Me 



[H3 A Re(n°'^^), 1) + (rfRe(n°<^'^),52> 



where we have used that H3 = dB2 + with being the background fiux. Finally, 
we apply gamma-matrix identities and the definition ()2.6|) of J to rewrite the terms 
appearing in the last line of ()3.76|) as 



2 k\ 
k even 



Me 



t ^,mi...mk 



*fi 1 



(3.82) 



Me 



cv —B2+iJ'^ 



)~{H,^cf\l)~{dC^.B,)+^{d&:\J) 



(0) 



where C^^ is defined in fj3.18p as the part of being a three-form on M.^ yielding scalar 
fields in M^^i. In deriving this identity one uses the definition of Fk given in eqn. ()3.68|) 
while eliminating half of the R-R fields by the duality condition (|3.68|) . 

In summary one can now read off the complete type IIA superpotential induced by 
background fluxes and torsion. Introducing the differential operator du = d — H3A one 
flnds (see also refs. inilllll) 



W 



06 



JMe 



where we used the deflnitions of X 



-By + iJ and n?'^^ 



) + iRe(n 



odd 



(3.83) 



) given in 



eqns. (|3.17|) and (|3.19p . The superpotential extends the results of refs. [IHl CHI EH EH 
1^ ITT] and together with the discussions above it is readily checked to be holomorphic 
in the = 1 coordinates. As discussed in section 13.21 the complex forms Jc and 11^^ are 
linear in the complex A^ = 1 coordinates. This is also the case for their derivatives dJ^ 
and (ill^^, where d is the exterior derivative along Ai^. Therefore we deduce that is a 
polynomial of cubic order in times a linear polynomial in H"*^*^. Let us now determine 
W for the type IIB orientifold compactifications. 

The type IIB superpotential 

In the following we will determine the superpotential of the type IIB orientifolds induced 
by the background fiuxes and torsion. In the type IIB theory we allow for a non-trivial 
NS-NS fiux H3 as well as odd R-R fiuxes. Due to the fact that we do not expand in 
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one- or five-forms on A^g the only non-vanisliing R-R is tlie tfiree-form F3. Tlie equation 
(I3.29P implies that i^a, F3 transform under the orientifold projection as 

a*H^ = -H^ , a*F^ = ^Fg , (3.84) 

where the minus sign in the second condition applies to type JIB orientifolds with 03/07 
planes while the plus sign is chosen for 05/09 orientifolds. Since, there are some quali- 
tative differences between both cases we will discuss them in the following separately. 

03/07 : Our analysis starts with the 03/07 orientifolds. As in the type IIA case 
we need to specify the spinor invariant under the orientifold projections 0{i) defined in 
eqn. ()3.7|) . We already gave the transformation of the ten-dimensional spinor under the 
world-sheet parity f2p and (—1)^^. It remains to specify how cr* acts on the internal 
spinor rj±. Using eqns. (|3.5p and (j3.6p one infers |l(J(Jj 

= z?7+ , (j*?7_ = —irj^ , (3.85) 

such that {(y*y'ri± = consistent with the fact the {—1)^'-Qp squares to —1 on the ten- 
dimensional gravitinos. With these identities at hand one defines the four-dimensional 
linear combinations = ^{ipji + ^'^^) together with the conjugate expression for ip^. 
Combining ip^^, ip^ into a ten-dimensional spinor ip^ by multiplication with r]^ and 77+ 
respectively it is readily shown that ip^ is invariant under It turns out to be 

sufficient to determine W for a more simple choice of the four-dimensional spinor %p^ 
given by 

V'm = = -^^l , = = #J • (3-86) 

These conditions define the reduction of the N = 2 theory to = 1 induced by the 
orientifold projection. Inserting the decompositions ()3.70|) together with ()3.86|) into the 
ten-dimensional action ()3.67|) one determines the ^/'^ mass terms 

S^ = - [ e^^^cr'^^. *4 1 / ^ \{e-HH3)mnp + z(F3)^„p)l]™H *6 1 + • • • , (3.87) 

7 A/3,1 Jmg 

where e^^^ = e^^e^"^/"^ with K'^^ as defined in eqn. ()3.56p . In order to derive this 
four- dimensional action we performed the Weyl-rescaling ()3.77|1 to obtain a standard 
Einstein-Hilbert term. Moreover, we used the identities ()2.fj|l and ()3.78|1 to replace the 
gamma-matrix expressions ri^_'j"^^Pri^ with the complex three-form Q"^'^p and absorbed a 
factor arising due to the Weyl-rescaling ()3.77p into e^^^. It is interesting to note that 
there is no contribution from the reduction of the ten-dimensional kinetic term in the 
action (j3.67|) . This can be traced back to the fact that in type IIB orientifolds with 03/07 
planes the globally defined three- and two-forms Q and J transform with opposite signs 
under the map cr*. However, since the volume form is positive under the orientation 
preserving map cr the integral over terms like dfl A J vanishes. The non-closed forms dJ 
and dfl nevertheless yield a potential for the four-dimensional scalars which is encoded 
by non-trivial D-terms. 

Let us now express the action ()3.87|) in terms of the globally defined three-form Q 
and the form Using the definition (j3.3(J|) of one infers 

i /" [e-^-*^(i^3)™npf^"^"1 *6l = / e-^[{Hs,n) + {dB2,n)] (3.88) 

J Ma J Ma 

= -i [ [{H3 A Re($""), n) - (rfRe(<l>""), n)] , 
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where we have used Re($*^^)o = e ''^ and Re($'^^)2 = — e '^i?2 as simply deduced from the 
definition (j3.3(jp . For the R-R term in (j3.87|) one derives 

^ / (F3)^„pfi'""^ *6 1 = / K^3, + {dAf\n) - {Hs A , (3.89) 

where A^2'' ^^^1 A^^^ denote the two- and zero- forms in A^q-j defined in fj3.34p .^'^ Together 
the two terms (j3.88p and (j3.89p combine into the superpotential 

^03/07 _ j ^F3 + dH^7,^) (3.90) 

where du = d — H^A and is defined in eqn. (13 .351) . This superpotential contains the 
well-known Gukov-Vafa-Witten superpotential |1UH llU2j as well as contributions due to 
non-closed two- forms B2 and C2- Also in this type IIB case it is straight forward to 
check the holomorphicity of W. As mentioned in section the form Q{z) is in general a 
complicated holomorphic function of the chiral coordinates z. On the other hand as 
well as d^l^ depends linearly on the = 1 chiral coordinates. Hence, the superpotential 
W'-^^^'-^''^ is a linear function in times a holomorphic function in the fields z and 
contains no conjugate fields. Let us complete the discussion of the type IIB orientifolds 
by determining the 05/09 superpotential. 

05/09 : To derive the superpotential for the 05/09 orientifolds we first specify 
the combination of the two ten-dimensional gravitinos invariant under (9(2) defined in 
eqn. ()3.7j) . We deduce the action of a* on the globally defined spinor rj by examining the 
expressions fj3.5|) and ()3.6p . which yield 

(^*V+ = V+ , (^*V- = V- ■ (3-91) 

The invariant combination of the four-dimensional spinors is given by = ^(V^^ + 'ipfi) 
with a similar relation for 1^^. As a specific choice for this combination we simplify to 

i^, = i^l = i^l, ^, = ^1 = ^1- (3.92) 

Together with the decomposition ()3.70|) we reduce the action fl3.67|) to determine the 
mass term of ip^ as 

S^ = - [ e^^^a'^'^/j, *4 1 / ( - + d{e-h),n) *6 1 + • • • , (3.93) 

Jm3,i J Me. 

where we have applied ()3.79p and performed the Weyl rescaling (j3.77|) . Note that the 
term involving the NS-NS fiuxes vanishes in the case of 05/09 orientifolds since Vt and 
transform with an opposite sign under the symmetry cr* as can be deduced from 
eqns. (|3.6p and (j3.29|) . Inserting the definition (|3.68|) of F3 into (|3.93p one obtains the 
superpotential [TT] 

y^05/09 = -i f (Fg + rf<l>f , n) , (3.94) 

J Ma 

where we have used Im($''^)2 = e~'^J and the definition ()3.35|) of The superpotential 
py05/09 jg ^ linear function in the A^ = 1 fields encoded by times a holomorphic 
function of the fields z. W'^^^'^^ is independent of the NS-NS fiux ifg which was shown 
in ref. j2Sj to contribute a D-term potential to the four-dimensional theory. 

^^Expanding A^J, in (TO?!! one finds ^^"^ = (72 - (70-82 and = Cq. 
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4 Generalized orientifolds and mirror symmetry 



In this section we discuss SU{3) x SU{3) structure orientifolds and investigate mirror sym- 
metry of the type IIA and type IIB setups. More precisely, we aim to specify setups dual 
to an orientifold compactification on a Calabi-Yau manifold Y with background fluxes. 
In doing that our main focus will be the identification of the = 1 superpotentials. 
The superpotentials are holomorphic functions of the chiral fields of the four- dimensional 
theory and do not receive perturbative corrections. Hence, they yield a good testing 
ground for the mirror relations we will propose below. Note however, that the poten- 
tial for Calabi-Yau orientifolds with 05 planes contains in addition to a superpotential 
contribution also a D-term potential which arises due to the presents of a gauged linear 
multiplet [iniinni- We will therefore focus on the mirror identifications between the type 
IIA orientifolds and the type IIB orientifolds with 03/07 planes. In general Calabi-Yau 
orientifolds with 03/07 or 06 planes the potential induced by non-trivial NS-NS and 
R-R background fluxes is entirely encoded by a superpotential and the Kahler potential 
j2Sl 1211 El • We propose a possible mirror space A^y which possesses a geometry dual to 
part of the electric and magnetic NS-NS fluxes. In other words, we identify a space My 
such that 

Typ IIB03/7/Y with < ™> Typ IIAo(evcn)/A<y . (4.1) 

where the precise definition of the NS-NS flux h!^ will be given shortly and the manifold 
A^y is specified in section 14.11 The evidence for the identification (j4.1|) is discussed in 
section 14.21 where we also check consistency by analyzing the mirror relation 

Typ IIAoe/r with h!^ ^j™, iiBo(„dd)/A^y , (4.2) 

In both cases we concentrate on the superpotentials induced by the NS-NS flux only. 

In order to make the mirror conjectures (|4.H) and (|4.2p more precise we have to define 
the background flux as well as the properties of A^y. Let us start with H^. Recall 
that the background fluxes in Calabi-Yau compactifications are demanded to be harmonic 
forms in order to obey the equations of motion and Bianchi identities. This implies that 
before imposing the orientifold projections the general expansion of the NS-NS flux H3 
reads 

H^ = m^aj^-ej^p^ , AT = 0, . . . , dimi/^^'^) , (4.3) 

where {aj^,P^) is a real symplectic basis of H^(Y) satisfying ()3.22|) . We denoted the 
magnetic and electric flux quanta of by (m^, e^). Different choices of the symplectic 
basis (a^,/?^) are related by a symplectic rotation which also acts on the vector of flux 
quanta guaranteeing invariance of H3. Note however, that due to the fact the supergravity 
reduction is only valid in the large volume limit the mirror symmetric theory has to be 
evaluated in the 'large complex structure limit'. Around this point of the moduli space 
the holomorphic three-form Q onY admits a simple dependence on the complex structure 
moduli , K = 1, . . . , dimH^^'^^ explicitly given by jlU3j 

n{z) = ao + z^'aK + ^z'^z'^kklmP''' - ^z"" z"^ z^ kklmP^ , (4.4) 

where kklm are intersection numbers on Y deflned, for example, in ref. (HHl- The expres- 
sion ()4.4j) specifles a certain basis {aj^,j3^) of H^'^^iY). In particular it singles out the 
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elements ao and with coefficients constant and cubic in the complex fields z . Using 
this specification we are now in the position to define the NS-NS fiux by demanding 
that the fiux quanta Cq, along ao vanish. In other words we set 

= m^ax - ckP^ , eo = , m° = , (4.5) 

where the index K runs from K = 1, . . . , dimH^^'^\ An equivalent definition of can 
be given by interpreting mirror symmetry as T-duality along three directions of Y j87j . 
One demands that the components of the NS-NS fiux {H^)mnp have never zero or three 
indices in the T-dualized directions which corresponds to Cq = mP = 0. 

4.1 Generalized half- flat manifolds 

Let us now turn to the definition of the manifold Aiy- reference it was argued 

that type II compactifications on Calabi-Yau manifolds with electric NS-NS fiuxes are 
the mirror symmetric duals of compactifications on half-fiat manifolds ()2.10|) . In order 
to also include magnetic fiuxes into this mirror identification it is inevitable to generalize 
away from the SU (3) structure compactifications jH2l EBl IHH Ell • This might also lead to 
the application of the generalized manifolds A^y with SU{3) x SU{3) structure [HI]. In 
the remainder of this section we discuss some of the properties of the spaces A^y, which 
might be mirror dual to Calabi-Yau manifolds with NS-NS fiuxes . We term these 
spaces 'generalized half-fiat manifolds'. Some evidence for the mirror identifications ()4.H) 
and ()4.2|) will be provided in section 14.21 

To start with let us recall the definition of a manifold with SU{3) x SU{3) structure 
[SnilHlI- Clearly, the group SU{3) x SU{3) cannot act on the tangent bundle alone and 
one has to introduce a generalized tangent bundle E. Following the work of Hitchin 
[HniEIl, the generalized tangent bundle E is given by 

Ep = TpMe © T;Me , p e My , (4.6) 

where E is locally identified with the sum of the tangent and cotangent space. Its global 
definition is more involved, since the spaces Ep might be glued together non-trivially 
along Aiy |HI|- To make this more precise one introduces a natural 0(6,6) metric on 
Ep defined by {v + + () = |(^(m) + Ci'^)): ^oi v,u E Tp and ^, C ^ T*. Restricting 
further to transformations preserving the (natural) orientation of E reduces the group 
down to 50(6,6). A global definition can then be given by specifying elements of this 
group serving as transition function on overlapping patches on A^y. We are now in 
the position to define an SU{3) x SU (3) structure manifold by demanding the structure 
group of the bundle E to reduce to SU{3) x SU{3) C 5*0(6, 6). As in the case of SU{3) 
structure manifolds discussed in section |2l this reduction can be specified in terms of 
two globally defined forms or two globally defined spinors on A^y. We comment on the 
spinor picture in section 14. 2[ where it will also become clear that the structure group 
SU{3) X SU{3) is dictated by demanding that type II compactifications on My- yield 
four-dimensional N = 2 supergravity theories. Let us analyze here the characterization 
in terms of globally defined forms jHUl IH^ IMj . 

Note that the group 5*0(6, 6) naturally admits spin representations on even and odd 
forms of Ady. More precisely, one finds two irreducible Majorana-Weyl representations 
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and 3°'^'^ given by 

^ev ^ ^evy* ^ I y 1 1/2 ^ ^odd ^ ^odd^* ^ | ^| 1/2 ^ ^^^^^ 

where det T = A^T is fixed once a particular volume form is chosen. On elements 
$ G 5^^/°^^^ the group 5*0(6,6) acts with the Clifford multiplication 

{v + ^)-n = vM + ^An, (4.8) 

where f j indicates insertion of the vector v E T and ^ G T* is a one-form. Using these 
definitions an SU{3) x SU{3) structure on Aiy is specified by two complex globally 
defined even and odd forms 11''^^ and n'°'^'^ which are annihilated by half of the elements 
in E."^^ Furthermore, in order to ensure the reduction of S'0(6,6) to the direct product 
SU (3) X SU{3) the globally defined forms also have to obey [Sll IM] 

(n"=",n'^") = f(n'°'^^n'°'^^) , (n'*'", (t; + o ■ n'°<^'^) = o , (4.9) 

for all elements v + ^ EE. The pairing (■, ■) appearing in this expression is defined in 
(|3.2Up . These conditions reduce to the standard SU{3) structure conditions (j2.7j) in case 
we identify 

where J and Q are the globally defined two- and three-form. In this expressions the 
additional degree of freedom in | detT|^/^ is labeled by the ten-dimensional dilaton e"''^ 
also linearly appearing in the definition ()3.13j) of C. Note however, that in the general 
SU{3) X SU{3) structure case the odd form 11°'^'^ also contains a one- and five-form 
contribution such that U'°'^'^ = U[ + 11'^ + H'g. It was shown in ref. jHl] that each of these 
forms locally admits the expression 

n°dd _ g-B2 /\ n'°'^^ = e-^'+''' A CQk , (4.11) 

where J is a real two-form and we also included a possible B-field on the internal manifold 
Aiy- The index k is the degree of the complex form Qk- In the special case that k = 3 
on all of Aiy the form H'"*^*^ descends to the form ()4.10|) . However, the degree of flk can 
change when moving along Aiy [H3].^^ In other words, the form n°'^'^ can locally contain 
a one- form Cfli. The presents of this one-form in the expansion (j4.11|) will be the key 
to encode the mirror of the magnetic fiuxes in given in (j4.5p . 

To make this more precise, one notes that the globally defined forms 11' and 11'°^*^ 
are not necessarily closed. This is already the case for SU (3) structure manifolds which 
are half-fiat and hence obey ()2.10|) . For these manifolds the special forms ()4.10|) are no 
longer closed, since (iRe(e*^n'°*^'^) and (ilm(n"^^) are non-vanishing. This obstruction of 
the internal manifold TVly to be Calabi-Yau is interpreted as mirror dual of the electric 
NS-NS fiuxes appearing in the expansion (j4.5p of [3&.^° In order to also encode 
dual magnetic fiuxes we generalize the half-fiat conditions to the general odd form n°'^'^ 

^^More precisely, each form n"'^ and n'°'^'* is demanded to be annihilated by a maximally isotropic 
subspace £;°^ and E°'^'^ of E. Isotropy implies that elements v + ^,u + C e £;°^/°dd ^^^y (^^.j.^^ ^4.^) ^ q, 
while maximality corresponds to dim = 6. 

^^Interesting examples of manifolds allowing such transitions were recently constructed in ref. jlU4j . 

^"^The remaining flux parameter cq in eqn. H4.5|l induces a non-trivial ffa flux on the mirror Ady- 
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given in eqn. ()4.1H) . These generalized half- fiat manifolds are SU{3) x SU{3) structure 
manifolds for which 

rflm(e^^n'°'^'^) = (4.12) 

where as above e~*^ is the phase of C. The real part of e*^n'°'^*^ and the form 11'*^^ are 
non-closed. We conjecture that in a finite reduction the differentials (iRe(e*^n'°'^*^) and 
(in'^^ are identified under mirror symmetry with the NS-NS fluxes . 

Let us now make the mirror map between the type II theories on a manifold Ai^ and 
the Calabi-Yau compactifications with NS-NS fluxes explicit. In order to do that, we 
perform a finite reduction by specifying a set of forms Afinito- In contrast to the SU{3) 
case discussed in section 13.21 the forms in the set Agnite cannot anymore be distinguished 
by their degree. In the generalized manifolds only a distinction of even and odd forms is 
possible, such that 

Afinite = A^'^'i © A^^ , (4.13) 

where A°*^'^ now contains forms of all odd degrees. In particular, the one-, three and 
five-form components of the form n°'^'^ given in eqn. (j4.1ip can mix once one moves along 
Aiy- Nevertheless, we are able to specify a basis of Agnite such that a Kaluza-Klein 
reduction on these forms precisely yields the mirror theory obtained by a Calabi-Yau 
reduction with NS-NS fluxes. 

To make this more precise, we first specify a finite real symplectic basis of A°*^'^. We 
demand that it contains the non-trivial odd forms (7j^,7'^) defined as 

= ((ao + «(!)), aK) , 7^ = ((/?° + /?^) , / i^K, 7^> = 4 ' (4-14) 

where a(i) and P^^^ are a one-form and five-form respectively. Note that as remarked 
above, the basis elements (7^,7^) carry no definite form degree since 70 and 7° consist 
of a sum of one-, three- and five-forms. Using this basis the odd form n°*^'^ admits the 
expansion 

W'^" = C(70 + Z^'lK + l:,z''z'^KKLMl'' ' KKLuf) , (4.15) 

which generalizes the expansion ()4.4|) for the three-form VL. In order to identify the fields 
under the mirror map with the complexified Kahler structure deformations of Y one 
has i^' = 1, . . . , dimif *^^'^^(y), while K takes an additional value 0. We also introduce a 
basis A'^^ of even forms on A^-p denoted by = (1,^;^) and = {uj^,e), with inter- 
sections as in equation ()3.2H1 . Mirror symmetry imposes that A = 1, . . . , diraH^'^'^^Y). 
Note that due to the fact that 11°'^'^, 11''^^ G Agnite are no longer closed not all basis ele- 
ments (7^,7^) and {uj^,uj^) are annihilated by the exterior differential. More precisely, 
we assign that 

d^Q = -m^ujA - eAio^ , dujA = -eA/3° , duj"^ = -m'^p^^^ , (4.16) 

which is in accord with the non- vanishing intersections ()3.21|) and ()4.14j) . It is now clear 
from eqn. ()4.16|) that the existence of one- and five forms in 70,7° is essential to encode 

■^^Note that the precise moduh dependence of the expansion H4.15|l will be not relevant in the following. 
The essential part is that n°'^'^ contains a part Cj^ which is linear in C. This can be always achieved 
by an appropriate rescaling of C. 
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non-vanishing magnetic fluxes. In the case, one evaluates KWi for a^i) = p^^^ = one 
encounters set-ups with dual electric fluxes only [HB] . 

In the finite reduction on Aiy the equation (j4.16p parameterizes the deviation of Aiy 
to be Calabi-Yau. Using the expansion (|4.15p of the globally defined forms n°'^*^ one 
easily applies ()4.16|) to derive 

rfRe(e*^n°'^^) = -\C\{m^ujA + ca^o^) , rflm(e^^n°'^^) = . (4.17) 

In order that the low energy theories of compactifications on A^y coincide with the mirror 
reductions on the Calabi-Yau space Y with fluxes the scale of torsion on A^y has to be 
below the Kaluza-Klein scale. In other words, the generalized half-flat manifold should be 
understood as a 'small' deviation from the Calabi-Yau space Y which is the mirror of y in 
the absence of fluxes. Note however, that the topology of A^y differs from the one of the 
Calabi-Yau space Y since Agnite contains various non-harmonic forms. This suggests that 
an explicit construction of Aiy might involve the shrinking of cycles in homology, which 
are later resolved with a non-trivial deformation. Unfortunately, an explicit construction 
of the manifolds A^y is still missing. Moreover, it remains challenging to investigate 
the geometric structure of these manifolds in more detail. Despite of the fact that Aly 
possesses two globally defined forms n°*^'^ and II'*^^ it remains to be investigated if this 
allows to define the mirror of the Riemannian metric. Note however, that from a four- 
dimensional point of view the globally defined even and odd forms are sufficient to encode 
the = 2 or = 1 characteristic data. 

In the final section we provide some evidence for the conjecture that the generalized 
half-flat manifolds are the mirrors of Calabi-Yau compactifications with NS-NS fluxes. 
We do this by deriving the superpotentials induced by the general odd forms 11°'^'^. The 
type IIA and type IIB cases will be analyzed in turn. 



4.2 The mirrors of type II Calabi-Yau orientifolds with fluxes 

In this section we dimensionally reduce the fermionic action ()3.67p on a generalized 
SU{3) X SU{3) structure manifold Aly. In addition we will impose the orientifold pro- 
jections ensuring that the four-dimensional theory is an = 1 supergravity. This will 
allow us to derive the superpotentials arising due to the non-closed forms 11°'^'^ and 11''^ 
and the background fluxes. These can be evaluated for the generalized half-flat manifolds 
introduced in the previous section. We use the finite expansion ()4.17p to compare the 
superpotentials depending on ^11°'^'^ to their mirror partners arising due to NS-NS flux. 

In order to perform the dimensional reduction of the fermionic action ()3.67p the two 

1 2 

ten-dimensional gravitinos ip^^ are decomposed on the background M-^^i x Aly. Hence, 
we are looking for a generalization of the decompositions (j3.7Up and (j3.71|) . Note however, 
that the internal manifold Aly possesses an SU{3) x SU{3) structure implying that one 
generically finds two globally defined spinors rj^ and rj"^ on this space I64j . In terms 
of these two globally defined spinors r/^'^ the globally defined forms 11"^^ and 11'°'^'^ are 
expressed as 

n even n odd 

(4.18) 
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where e^^-^" = e^^ A . . . A e^" is a basis of n-forms A"T* on the manifold My- The 
presence of the two spinors 77^'^ ensures that the four-dimensional theory obtained by 
compactifying on the space Aiy possesses N = 2 supersymmetry. More precisely, the 
type IIB ten-dimensional gravitinos decompose on M^^i x JHy as 

^^ = ^^^V-+^^^vi A = l,2, (4.19) 
while the type IIA decomposition is given by 

^l = ^pl0vl + i^l®V- , tl'l = ^l0v-+i'l<8)vl ■ (4.20) 

As in section 13.41 the Weyl spinors ipj^'"^ and tpj^;'^ yield the four-dimensional gravitinos 
parameterizing the N = 2 supersymmetry of the theory. Clearly, the decompositions 
(I4.19|) . (j4.2(jp reduce on an SU{3) structure manifold to the expressions (j3.7U|) . (j3.71|) . if 
7] = f]^ = 7]"^ is the only globally defined spinor. In general t]^ and t]"^ are not necessarily 
parallel along all of A^y. It is precisely this deviation which allows the general odd forms 
fl4.11|) to locally contain a one-form component fj^'^'jmV'^- 

A dimensional reduction on backgrounds J^y with SU{3) x SU{3) structure yields 
a four- dimensional N = 2 supergravity jBl]. The number of supersymmetries is further 
reduced to = 1 by imposing appropriate orientifold projections. To perform the four- 
dimensional A^ = 1 reductions we discuss the type IIA and type IIB cases in turn. 

The type IIA mirror of type IIB Calabi- Yau orientifolds with NS-NS flux 

Let us first derive the four-dimensional superpotential for type IIA orientifolds on Aiy. 
It is most conveniently read off from the mass term ()3.66|) arising in the reduction of 
the fermionic action (j3.67|) . In this derivation we have to impose the type IIA orientifold 
projection (j3.2|) . It is straight forward to extend the conditions (j3.15p to the more general 
odd and even forms 

nodd _ g-B2 ^ j^/odd ^ j^ev _ ^4>^-B2 /\ n'^^ , (4.21) 

where 11'°'^'^ and 11"^^ are given in expression (j4.18p . One has 

^*j^odd _ x{W'^'^) , a*n"" = A(n"") . (4.22) 

In complete analogy to section 13.41 the transformations (j4.22j) impose constraints on the 
spinors rj^'"^ appearing in the component expansion (j4.18|) . Eventually, this implies that 
the two four- dimensional spinors ipj^ and ipfi are related as in eqn. ()3.75p . 

We are now in the position to perform the reduction of the action ()3.67|) . The ten- 
dimensional terms only depending on NS-NS fields reduce using ()4.20|) and ()3.75|) as 

Vns = - / ef^X>-*4l / (rfRe(n'°^'i)-i^3ARe(n'°^'i),n'^^) + ... 

"'A/3,1 J Me 

= - [ e^^^a'^^, *4 1 [ (dHRe(n°^'i), H^^^) + . . . , (4.23) 

where II3 = dB2 + II^ and the dots indicate terms depending on the R-R fields or not con- 
tributing to the mass term ()3.(i(i|l . The expression ()4.23|1 is a generalization of eqn. (jS 
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and ()3.8ip for the globally defined forms ()4.18|) . However, the derivation of ()4.23|) is 
slightly more involved, since terms proportional to ri^^'-f"^DmTi^ or Hmnp'n^^l"^"'^'^'^ for 
A = 1 , 2 need to be converted to the sum of forms (j4.18p . In order to do that one re- 
peatedly uses the Fierz identities flA.12|) and ()A.13|) ^105J. Furthermore, the derivatives 
on the spinors 77^'^ translate to differentials on the forms n'^^/°*^'^ defined in eqn. ()4.18p 
by using the identity ()A.14|) . The Kahler potential K appearing in the action ()4.23p 
takes the same form as the one for SU{2>) structure manifolds if one substitutes 

the general odd and even forms 11^^ and 11°'^'^. More precisely, the Kahler potential K 
consists of the logarithms of the extended Hitchin functionals introduced in ref. |^.^^ A 
brief review of the relevant mathematical definitions can be found in appendix El As in 
section 13.41 the factor e^^^ in the expression ()4.23|) arises after a four-dimensional Weyl 
rescaling ()3.77j) . 

It is straight forward to include the R-R fields into the fermionic reduction in full anol- 
ogy to section 13.41 Together with the terms (j4.23j) the four-dimensional superpotential 
takes the form 

W = I {F"^ + dnlif'^, n""> , (4.24) 

where 

n"'^^ = Al^f + iRe(n°^'^) , A°'^'^ = e-^' A C"'^'^ . (4.25) 

The complex form 11°'^'^ can locally contain a one- and five-form contribution. The compex 
chiral multiplets parametrized by 11°'^*^ arise as complex coeficients of an expansion into 
real forms A'^'^'^. 

In order to compare this result to the mirror result for type IIB Calabi-Yau orientifolds 
with 03/07 planes we perform the finite reduction discussed in the previous section. Note 
that we also have to impose the orientifold condition, such that the expansion of n''^/°'^*^ 
in performed into the appropriate subset of Afinitc = A+ © A_. As in eqn. fl3.23p this 
splitting is with respect to the geometric symmetry Vq = a* A. Using the finite basis 
(7^,7^) introduced in eqn. (j4.14p one expands 

nodd ^ j^k^^ ^ j.^~x ^ ^^^^ ^ ^odd _ (4 26) 

It is an important requirement that the form 70 is an element of A*^^*^ in order that the 
type IIA setups are mirror dual to type IIB setups with 03/07 planes [21]. The even 
form ff^ is expanded in a basis (1, tUa, u)'', e) of A*^ as 

= 1 + t'^LUa + ^f't'lCatc^' + ^tHH'^lCa.ce (4.27) 

where the fCabc = j ^jJa /\ /\ are the intersection numbers on A^. On the type IIA 
side the NS-NS and R-R fluxes are set to be zero. Inserting the expressions ()4.2fj|l . ()4.27j) 
and ()4.1fj|l into the superpotential ()4.24|1 one finds 

W = -N\e,t' + irt^m^/Cabe) • (4.28) 

The superpotential depends on the 'electric' flux parameters Cq, as well as the 'mag- 
netic' fluxes m". Under the mirror map these parameters are identified with the NS-NS 
flux quanta in . 

■^^The relevance of the extended Hitchin functional as a space-time action for the topological string 
was recently discussed in ref. 
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It is not hard to see, that the superpotential ()4.28|) is precisely the mirror super- 
potential to the well-known Gukov-Vafa-Witten superpotential for type IIB Calabi-Yau 
orientifolds with 03/07 planes ^10TlllU2] . Denoting by r, the type IIB dilaton-axion the 
Gukov-Vafa-Witten superpotential for vanishing R-R fluxes reads 

W = -T I H^An= -T{ekz'' + ^.m^z'z'^Kkim) , (4.29) 
Jy 

where the NS-NS flux is given in eqn. ()4.5|1 and VL takes the form ()4.4j) in the large 
complex structure limit. Note that we additionally imposed the orientifold projection on 
the type IIB Calabi-Yau compactification, such that G H^{Y) contains flux quanta 
{ekim^)i while VL G H^iY) is parameterized by fields only. It is now straight forward 
to identify the superpotentials ()4.28|) with ()4.29|) by applying the mirror map = z^ , 
= T and ICabc — i^kim- The fluxes are identified as 

The fact that the two superpotentials can be identified gives some evidence for the chosen 
mirror geometry Aiy- Next, we will perform a similar analysis for the type IIB theories 
on A^y and check the consistency of our assertions. 

The type IIB mirror of type IIA Calahi- Yau orientifolds with NS-NS flux 

Let us now give a brief check of the second mirror identification displayed in eqn. ()4.2|) by 
comparing the induced superpotentials. In order to do that we perform a four- dimensional 
reduction of the type IIB effective action (j3.67|) on the generalized manifolds Aiy- In 
addition we impose the orientifold projection given in eqn. (j3.7|) such that the four- 
dimensional theory has N = 1 supersymmetry. We define the forms 

$ev _ g-B2 ^ n/ev ^ ^odd _ ^'-^e-^^ A 0'°^*^ , (4.31) 

where 11"'^ and 11'°'^'^ are defined in eqn. (j4.18|) . The orientifold symmetry a* acts on 
these forms as 

generalizing the conditions ()3.31|) . These constraints translate into conditions on the 
spinors r/^'^. It is then consistent to identify the four-dimensional gravitinos parameter- 
izing the original N = 2 supersymmetry as in eqn. (j3.86|) . The single spinor ip^ acquires 
a mass term due to background fluxes and the non-closedness of the forms ^'^^ and <l>°'^'^. 

To derive the mass term (j3.66|) for the spinor ip^ we dimensionally reduce the fermionic 
action ()3.67|) for type IIB supergravity. Using the Fierz identities ()A.12|) . ()A.13|1 and the 
expression (jA.14|) one derives the superpotential 

W = [ (F°^<^ + dn^T, $°'^'^> , (4.33) 

where the even form = AJ^^ + zRe(<I>*'^) is defined as in eqn. ()3.35|) . The odd form 
^odd generically contains a one- and five-form. 

^■^The superpotential H4.29|l is a special case of the superpotential H1.5|l derived in section 
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This superpotential can be compared with the NS-NS superpotential arising in type 
IIA Calabi-Yau orientifolds when performing a finite reduction outhned in section 14.11 
However, to also incorporate the orientifold constraints (j4.32j) the expansion of and 
^odd forms of the appropriate eigenspace of Agnite = © A_. More precisely, we 
have 

= r + G'^ua + T„cD" , (4.34) 

where (l,a;a,u)") is a basis of . The expansion of is given in eqn. (j4.15|) and 
reduces under the orientifold projection to 

where (70, 7a:, 7^, 7*^) is a basis of A"'^'^. It is now straight forward to evaluate the general 
superpotential ()4.33|) for the even and odd forms (jOljl and (IOH|l . Setting F"'^'^ = and 
iJs = and using the expression ()4.16|) we find 

= -G^ea - To^rrf . (4.36) 

Let us now recall the superpotential for type IIA Calabi-Yau orientifolds with NS-NS 
background fiux . It was shown in refs. |18| 1^ that W^,^ takes the form 

= - y ^ nf ^ = -^^(^k - Txm^ , (4.37) 

where the expansion of 11°'^*^ = N^at + T\I3^ is in harmonic three-forms (a^,/?^) G 
H^{Y). The decomposition of is given in eqn. ()4.5|) and we appropriately imposed the 
orientifold constraint G H^{Y). The two superpotentials ()4.36p and ()4.37p coincide 
if applies the mirror map = and = T\. 

In summary, we conclude that the mirror identifications (j4.ip and (j4.2j) might be 
correct for the special generalized half fiat manifolds with finite reduction (j4.16p . Clearly, 
this is only a first step and more involved checks are necessary to make the identifications 
()4.1|) and ()4.2p more precise. Moreover, it is a challenging task to explore more general 
orientifold compactifications on non-trivial SU (3) x 5'f/(3) manifolds. Work along these 
lines is in progress. 



5 Conclusions and Discussion 

In this paper we discussed the four- dimensional = 1 supergravity theories arising in 
generalized orientifold compactifications of type IIA and type IIB super gravities. After 
defining the orientifold projection the A^ = 1 spectrum of the four-dimensional theory 
was determined. As we have argued, this can be done before specifying a particular 
finite reduction. The degrees of freedom of the bosonic NS-NS fields encoded by the 
ten-dimensional metric, the B-field and the dilaton, decompose on M3 1 x M.q into a 
four- dimensional metric (74 and two complex forms on A^g^ 

Type IIA: , n°'^<^ , Type IIB: <l>'=^ , <l>°<^^ . (5.1) 

The normalization of n°*^'^ and is set by the ten-dimensional dilaton, while the nor- 
malization of n*^^, is a unphysical scaling freedom. The forms n''^/°'^*^ as well as 
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various compatibility conditions ensuring that the four-dimensional theory 
is supersymmetric. Moreover, the real and imaginary parts of these forms are not in- 
dependent such that, at least formally, the real part can be expressed as a function of 
the imaginary part and vice versa. In case A4q is an SU{3) structure manifold the odd 
forms n°'^^, only contain a three-form contribution, while the forms 11'^^, are of 
general even degree. 

From a four-dimensional point of view, the introduction of the odd and even forms 
fl5.1|l is appropriate to encode the bosonic degrees of freedom in the NS-NS sector. The 
bosonic fields in the R-R sector are captured by the ten-dimensional forms A°'^'^^'^^ = 
e~^^ A (7°<id/ev type IIA and type IIB respectively. Once again, not all degrees of 
freedom in these forms are independent since the duality condition ()3.68p on the field 
strengths of /l°<id/ev ^gg^jg imposed. The four-dimensional spectrum arises by 

expanding these ten-dimensional fields into forms on the internal manifold TWg. Despite 
the fact that forms on A^g might only possess a grading into odd and even forms the 
orientifold projection allows to distinguish four- dimensional scalars and two-forms as well 
as vectors and three-forms. Altogether, the fields arrange into = 1 supermultiplets. 

In determining the kinetic terms of the four- dimensional supergravity theory we fo- 
cused on the metric on the chiral field space. Supersymmetry implies that this metric is 
Kahler and we argued that the Kahler potential consists of the two Hitchin functionals 
on A^6- These are functions of the odd and even forms listed in eqn. (|5.1|) respectively. 
The Kahler potentials are independent of the R-R fields which are protected by contin- 
uous shift symmetries. This will no longer be the case when D-instanton corrections are 
included. Given the Kahler potentials in the chiral description, the kinetic potentials for 
the dual linear multiplets are determined by a Legendre transform (HH]- In general, the 
theory consists of a set of (possibly massive) chiral and linear multiplets. In this work we 
did not analyze the vector sector and three-form sector of the four-dimensional theory. 
In order to gain a full picture of possible supergravity theories in four-dimensions it will 
be necessary to carefully include these fields. 

Due to background fluxes and torsion the chiral multiplets can acquire a scalar poten- 
tial. This scalar potential consists of an F-term contribution encoded by a holomorphic 
superpotential and possible D-term contributions due to non-trivial gaugings. Using a 
fermionic reduction we derived the general form of the superpotential on SU{3) struc- 
ture manifolds. Together with the Kahler potential this allows to determine the chiral 
supersymmetry conditions on four- dimensional vacua and their cosmological constant 
A = — Se'^ll^p. In order to derive these data and to study moduli stabilization the ex- 
plicitly construction of non-Calabi-Yau backgrounds is essential. Moreover, the inclusion 
of matter and moduli fields due to space-time filling D-branes will be needed in attempts 
to construct specific models for particle physics and cosmology. 

We also presented some first results on type II compactifications on SU (3) x SU (3) 
structure orientifolds. Even though many of the SU{3) structure results naturally gener- 
alize to the SU (3) X SU (3) structure case the consequences of this extension are enormous. 
The even and odd forms listed in eqn. ()5.H) are in these generalized settings of generic 
even and odd degree. Moreover, the notion of a specific form degree is not anymore well 
defined and can change on different patches of A^g- This can be traced back to the fact 
that the tangent and cotangent bundles T, T* are no longer the central geometric objects, 
but rather get replaced with the generalized tangent bundle E locally given by T©T*. A 
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non-closed NS-NS B-field has a natural interpretation in this formalism as a twisting of 
the forms 11'^^/°'^'^ and ^^^/^'^'^ with a gerbe [HniE3l^- At least from a four- dimensional 
point of view one may attempt to formulate the supergravity in this generalized language 
providing a natural unification of all NS-NS fields. However, it should be clear that the 
generalized set-ups are not anymore 'geometric' in the standard Riemannian sense. The 
metric on the tangent bundle is replaced by a metric on the extended tangent bundle 
E, which supports higher symmetry group then diffeomorphisms of Aig. In general, this 
might also imply that the metric Qq and the B-field mix as one moves along the internal 
manifold. 

In this work we explored an interesting application of the generalized geometries as 
mirrors of Calabi-Yau compactifications with NS-NS fluxes. We characterized properties 
of generalized half- fiat manifolds which might serve as a mirror of NS-NS fluxes H^. 
The superpotentials of SU{3) x SU{3) structure compactifications were derived from the 
reduction of the fermionic type IIA and type IIB actions. In a specific finite truncation 
the mirror fluxes can be identified as contributions from non-closed one- and three-forms 
in U°'^'^ and Clearly, this is only a first step in the study of compactifications on 

generalized manifolds with SU{3) x SU{3) structure. It remains a challenging task to 
explore the pattern of fluxes supported in generalized compactifications and to determine 
the complete classical four-dimensional gauged supergravity. 
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Appendix 

A The Clifford Algebra in 4 and 6 dimensions 

In this appendix we assemble the spinor conventions used throughout the paper. 
In D = 10 the F-matrices are hermitian and satisfy the Clifford algebra 



M,N = 0,... 



9 . 



(A.l) 



One defines jl] 



F 



11 



F0...F9 , 



(A.2) 
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which has the properties 

(r^i)2 = i, {r^\r*^} = o. (a.3) 

This imphes that the Dirac representation can be spht into two Weyl representations 

2,2nirac = 16 + 16' (A.4) 

with eigenvalue +1 and —1 under F^^. 

In backgrounds of the form ()2.H) the 10- dimensional Lorentz group decomposes as 

S0(9,l) ^0(3,1) X ^0(6) , (A.5) 

implying a decomposition of the spinor representations as 

16 =(2,4) + (2,4) . (A.6) 

Here 2,4 are the Weyl representations of 5*0(3, 1) and 50(6) respectively. 

In the background ()2.H) the ten-dimensional F-matrices can be chosen block-diagonal 

as 

r^ = (^/^®l,^5^^-), /i = 0,...,3, m=l,...,6, (A.7) 
where 7^ defines the Weyl representation in D = 4. In this basis F^^ splits as jl] 

F" = -75®7^ (A.8) 

where 7'' defines the Weyl representations in D = 6. 

Let us now turn to our spinor convention in D = 6 and = 4 respectively. 

A.l Clifford algebra in 6 dimensions 

In D = 6 the gamma matrices are chosen hermitian 7™^ = 7"^ and they obey the Clifford 
algebra 

= 2^"^" , m,n=l,...,6. (A.9) 
The Majorana condition on a spinor ri reads 

r/^ = ifC , (A.IO) 

where C is the charge conjugation matrix 

0^ = 0, 7^ = -07™0-^ (A.ll) 

The following Fierz identity holds for spinors on A^g jlUSj 

6 

^=lE^V-^'^Tr(7P-^W) , (A.12) 

A;=0 
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where M is an arbitrary matrix in spinor space. Relevant examples used in the calculation 
of (jO^ are M = r]i®r]l, M = {j'^DrnVi) ® vt etc. Using eqn. ()A.12|) it is not hard to 
show that 

6 

v'h'^D^r^' = l^i^r^2t^^^ ^^^,.^^^i^iy„...p,^2^ (^.13) 



n=0 



^1 t^,"^'^P,nl _ 

~ 8 

n=0 



with similar expressions for rj^. A second important identity encodes how derivatives on 
spinors translate into exterior derivatives on forms. Explicitly one has (see for example 

m) 

J2hv'H^P...p.nnDmV'e^-^' = id + d*)J2^v'hp,...p„v'e^-'' (A.14) 

n n 

where d* = — *q d*^ is the formal adjoint of d, with >K6 being the six- dimensional Hodge- 
star. 



A. 2 Clifford algebra in 4 dimensions 

In D = 4 we adopt the conventions of [U7j and choose 



^ y ' ' V -1 

where the are the 2x2 Pauli matrices 
and (7° = cr°, a^'^'^ = — cr^'^'^. We define 



(A.16) 



a^"' = Ua^o^ - a^a^) , a^"" = \{a^a'' - a"" a^) . (A. 17) 



B Stable forms and the Hitchin functional 

In this appendix we collect some basic facts about the geometry of stable even and odd 
forms on a six-dimensional manifold The definition of the Hitchin functionals will 
be recalled. The case of stable three-forms and the general definition of stable odd and 
even forms will be reviewed in turn. A more exhaustive discussion of these issues can 
be found in refs. [ZHl IHOl IHll IHI] • We also comment on the derivation of the expression 
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B.l Stable three- forms and the standard Hitchin functional 

Let us first consider a six-dimensional manifold Ai^ witli a real globally defined three- 
form p G A^T*. A natural notion of non- degeneracy is that the form p is stable. From an 
abstract point of view a stable form p is defined by demanding that the natural action 
of GL{6) on p spans an open orbit in A^T* at each point p of Ai^. This condition can 
also be formulated in terms of the map q : A^T* — > A^T* (g) A^T* defined as |72 

g(p) = (e'"A/„jp,p>(e"A/^jpAp> , (B.l) 

where e"* is a basis of T*AiQ and fm is a basis of TA4q. The set of stable three-forms on 
A^6 is then shown to be 

= [pe A^T* : q{p) < 0} , (B.2) 

where g(p) < holds if g(p) = — s ® s for some s G A^T*. Clearly, since A^T* = M this 
means that the product of the coefficients of the volume forms in (jB.lll is negative. 

It was shown in ref. [7^ that each real stable form p G f/'^ is written as 

p = i(fi + n), (B.3) 

where f2 is a complex three-form satisfying ^^,0) 7^ 0. The imaginary part of Q is 
unique up to ordering and we denote it by p = Im(fi). The real three- forms p(p) can also 
be defined by using the map q introduced in eqn. ()B.1|) . On forms p E one defines 
the Hitchin function 

n{p) := ^J-lq{p) G A'TY , (B.4) 

which is well defined since q{x) < 0. The form p is then defined to be the Hamiltonian 
vector field on TU^ = A^T* 

4(p,a) = -Vn{a) , Va G A^T* , (B.5) 

where V is the differential on TU^. Note that H(p) can be rewritten as ?i(p) = 

In this paper we mostly use the integrated version of the Hitchin function Ti.{p). Since 
7i(p) is a volume form it is natural to define the Hitchin functional 

H[p]= I nip) = t I {n,n) . (b.g) 

Its first (variational) derivative is precisely the form p such that 

dpH = -4p , dpH{a) = -A I (p, a) . (B.7) 

J Me 

Here we also displayed how dpH is evaluated on some real form a G A^T* . The second 
derivative of H[p] is given by 

dpdpH = -Al , dpdpH{a, f3) = -A f (a, 1(3) . (B.8) 

J Me 

'^''The factor 4 is not present in the corresponding expression in ref. jZH]- It arises due to the fact that 
we have set p = Re(ri) and not pHitchin — 2Re(r2) as in ref. ,22, 
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The map X : A^T* —>■ A^T* is shown to be an almost complex structure on U^. It is used 
to prove that is actually a rigid special Kahler manifold [7U] . The real form p can be 
also used to define an almost complex structure Ip on A4q itself by setting (see also the 
discussion in section I^J 

(W = ^(e'"A/„.pAp) , (B.9) 

where Ti.(p) is defined in eqn. flB.4|) . With respect to Jp one decomposes complex three- 
forms as 

A^T* = A(3'°) © A(2'i) © A(i'2) © A(°'3) . (B.IO) 

Using this decomposition the complex structure I on is evaluated to be X = i on 
7\(3>o) \(.'^''^) and X = —i on A^^'"^^ © A*^'^'^\ Furthermore, assuming that A4q possesses 
a metric hermitian with respect to Ip the six-dimensional Hodge-star obeys *g = i on 
A(0'3) A(^'^), while *6 = on A(^'°) © A^^'^). This implies the identifications 

X = *6 on A(2.i) © A(i'2) , X = - *6 on A^^-O) © A^^'^) . (B.U) 

The identity ()B.11|) is essential to show eqn. (|3.53|) as we will see in appendix IB. 3 1 



B.2 Stable odd/even forms and the extended Hitchin functional 

Let us now briefiy review the definition of general odd and even stable forms and their 
associated Hitchin functional. Many of the identities for stable three-forms naturally 
generalize to the more generic case. We consider real odd or even forms p«^/°dd g gev/odd^ 
where S'^^/°dd = ^ev/oddj.* ^ | ^etTl^/^ ^^s already defined in equation (jUTj). In most of 
the discussion a distinction between the odd and even case is not needed and we simplify 
our notation by writing p' G 5*', where ■ = ev or ■ = odd. As in section l^Tl the generalized 
tangent bundle is denoted by = T © T* (cf. equation ()4.6p ). A natural Clifford action 
of elements of E on the forms p' is defined in eqn. ()4.8|) . In this sense the elements S' 
are spinors of the group SO {6, 6). In analogy to the definition ()B.1|) one introduces 

g(p) = (e'"A/„jp-,p>(e"A/^jp,p-> , (B.12) 

where e"* is a basis of T* and fm is a basis of T. The anti-symmetric Mukai pairing {■,■) 
is defined in eqn. (I3.!2(jj) . The map q{p') can be evaluated for elements p' G S' yielding a 
number. The set of stable spinors p' is then defined as 

U- = {p- G S- : q{p ) < 0} (B.13) 

All spinors in U' define a reduction of the structure group 5*0(6,6) of E to f/(3,3). 
Furthermore, the elements of U' can be decomposed as 

p =i(H +n) , (B.14) 

where as above the spinor p = Im(H ) is unique up to ordering. It was shown that the 
complex spinors H' are eliminated by half of the elements in E via the Clifford action 
fl4.8|) . Such spinors are called pure spinors. 
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In order to define the Hitchin functional we un-twist S' —>■ A T* and consider q{p') 
on forms. In this case \/ —q{p') is a volume form and we define the extended Hitchin 
functional [501 

H[p] = I J-W) = ^ I (n, n-> . (B.15) 

As in the three-form case the first (variational) derivative is precisely the form p such 
that 

dp H = -4p , d,H{a) = -4 / (p ,«) , (B.16) 

J Ma 

where a G A T*. The second derivative of H is shown to define a complex structure on 
the space U' . Moreover, the space of stable spinors U' naturally admits a rigid special 
Kahler structure. 



B.3 Derivation of the Kahler metric 

In this appendix we give more details on the derivation of the expression ()3.53p and 
briefly discuss its generalizations. We first show that 

[9nodd (9noddir^] (a, a) = 2e^° I {a, *q a) , (B.17) 

JMe 

where a, a' G A^T* are real three-forms obeying an additional condition and is given 
in eqn. (|3.5ip . To begin with, notice that the Kahler potential is independent of 
the real part of 11°'^'^ and only depends on p = Re(n°*^'^) = Im(n°'^'^). Hence, one infers 
9nodd Sfloddi^''^ = jdpdpK^. Using the expressions ()B.7|) . ()B.8|) and ()3.51|) it is straight 
forward to derive 

\[dpdpK'^]{a',a) = 2e^'' [ (a',Ta> + 8e"^ / (p, «') / (A «> ' (B-18) 

JMe JMa J Me 

where p = Im(H°'^*^). Since A4q admits an almost complex structure ()B.9|) associated to 
p, each form a can be decomposed as 

^ = ^(mHo,s) + e A^T* . (B.19) 

Using the fact that p is a (3, 0) + (0, 3)-form one has <^p, a^^'^^'*''^^'^^) = 0. Therefore it is 
an immediate consequence of the identifications ()B.11|) that (IB.17|) holds on 
It remains to show that it is also true for q;(3'0)+(0'3). Since we demand a^^'^'^^^^'^^ E A^T* 
one has q;(3'0)+(o=3) _ ^qj, some function / on Aie/a. Note that to show eqn. ()B.17|) we 
need to pull / through the integral and hence demand that / is actually constant. With 
this restriction it is straight forward to use (p, p) = |e~^-^ to show that equation 

()B.17|) holds on general (2, 1) + (1, 2)-forms and forms oc p.^^ 

Let us also briefly comment on the general case. As we have just argued, the identity 
()B.17|) is easily shown on (2, 1) + (1, 2) forms, while general (3, 0) + (0, 3) forms are 

■^^An alternative derivation of the condition (|B.17|) might be performed by using decompositions into 
SU{3) representations, as done for the G2 anafog of (|ij.l7|l . for example, in ref. |1U6[I1U'/) . 
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problematic. To also include the generic (3, 0) + (0, 3) case one defines the 'Kahler 
potential' 

= -2 In [i{U°'^'^, n°^'^)] , (B.20) 

where now n°*^'^ = (p + ip) e~^/^ is an element of = A^T* | det T]^^"^ and e is the 
volume form 

i(n°'^^n°^'^)e = 2(p,/5) . (B.21) 

Note that the product (11°*^'^, 11°'^*^) yields a number while (p, p) is a volume form. Both 
are depending on the coordinates of Ai^. Furthermore, in contrast to the Kahler potential 
()3.51|) there is no integration in the functional ()B.20|1 |64j . The first derivative of K is 
obtained from eqn. ()B.7j) to be 

i [aRe(nodd)i^] (a) = 4e^/2 ^ ^-1/2 ^ (b_22) 

for a three-form a G A^T*. Using eqn. ()B.8|) the second derivative reads 

i[5Re(n°dd)(9Re(n°dd)K](a,a') = 2e^^^{a,Ia') + 8e^(p, a)(p, a)e"^ , (B.23) 

for a three- forms a, a' G A'^T*. This is precisely a volume form and integration over Aie 
yields a metric on three- forms a, a'. Following the same reasoning as above, it is now 
straight forward to show 

/ [Snodd^noddi^] (a, a') = 2 / e^^{a,*(ia') , (B.24) 

on all elements a, a' G A^T*. We have used that n"'^^ = ^ + zRe(n°'^'^) and that K is 

independent of the R-R fields C^^\ In this general case, the four- dimensional dilaton D 
is defined as e~'^^ = and can vary along Aie. The equation ()B.24|) is the 

generalization of the identity ()B.17|) . 
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